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Force-Based Algorithm for Motion
Planning of Large Agent

Samaneh Hosseini Semnani , Anton H. J. de Ruiter , and Hugh H. T. Liu

Abstract—This article presents a distributed, efficient, scal-
able, and real-time motion planning algorithm for a large group
of agents moving in 2-D or 3-D spaces. This algorithm enables
autonomous agents to generate individual trajectories indepen-
dently with only the relative position information of neighboring
agents. Each agent applies a force-based control that contains
two main terms: 1) collision avoidance and 2) navigational feed-
back. The first term keeps two agents separate with a certain
distance, while the second term attracts each agent toward its goal
location. Compared with existing collision-avoidance algorithms,
the proposed force-based motion planning (FMP) algorithm can
find collision-free motions with lower transition time, free from
velocity state information of neighboring agents. It leads to less
computational overhead. The performance of proposed FMP is
examined over several dense and complex 2-D and 3-D bench-
mark simulation scenarios, with results outperforming existing
methods.

Index Terms—Collision avoidance, distributed algorithms, evo-
lutionary computation, flocking algorithm, motion planning,
multiagent systems, trajectory optimization.

I. INTRODUCTION

MOTION planning is a significant problem in multiagent
systems. This problem: 1) concerns finding a one-to-

one assignment between a set of given agents’ initial locations
and the corresponding destination locations and 2) finding the
continuous trajectories connecting each agent’s initial position
to its goal location. Using motion functions, the agents should
be able to reach their goal destinations without colliding with
each other or environmental obstacles. Also, the motion plan-
ning algorithm should be able to satisfy constraints, such
as the maximum velocity of the agents, and the minimum
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required separation distance between them. These constraints
are dependent on the agents’ dynamic limitations and may
vary from one application to another.

This problem has attracted much interest in the research
community, and various motion planners are developed, from
discrete planning, motion coordination algorithms to real-
time collision-avoidance methods. However, to the best of
our knowledge, no existing solution satisfies all require-
ments of applications simultaneously, such as robustness,
scalability, optimality, low computational and communication
overhead, being fast, real time, flexible, etc. In this article,
we present an algorithm that attempts to balance these goals
by taking inspiration from the flocking behavior of birds in
nature.

The main contribution of this article is adapting the flock-
ing algorithm, which has recently shown outstanding behavior
in the field of mobility control [1], [2], to solve the motion
planning problem for a large group of agents while satisfying
the above-mentioned multiple requirements of real applica-
tions. This adaptation, presented as the force-based motion
planning (FMP) algorithm, requires essential modification of
the flocking algorithm, including the elimination of velocity
matching and flock centering terms, modification of the col-
lision avoidance term to generate collision-free motions with
required separation distance as well as the addition of multi-
target navigational feedback to guide agents toward their goal
locations. Optimal reciprocal collision avoidance (ORCA) is
one well-received real-time collision-avoidance algorithm that
has recently gained significant attention as a fast and scal-
able tool. ORCA, while claiming to find an optimal algorithm,
struggles with finding a time-optimal solution. Moreover, it
requires position and velocity to be exchanged over a com-
munication network among the agents. The presented FMP
algorithm is able to find collision-free paths with lower tran-
sition time without requiring the velocity information of
neighbors and with less computational overhead in comparison
with ORCA. Transition time is the time that takes for agents
to move from their initial positions to final positions apply-
ing the motions produced by the algorithm. The performance
of FMP is examined over several dense and complex 2-D
and 3-D benchmark simulation scenarios. The results show
that FMP computes collision-free and deadlock-free paths for
all the scenarios while outperforming ORCA with respect to
both transition and execution time. Our approach can com-
pute safe and smooth trajectories for thousands of agents in
dense environments with static and dynamic obstacles in a few
milliseconds.
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The remainder of this article is given as follows. Section II
discusses the main research in the field of agents’ motion plan-
ning and their drawbacks, in addition to the flocking algorithm
and its extensions as the base of the solution proposed in this
article. Section III presents FMP, the proposed force-based
algorithm for agents’ motion planning and the mathemat-
ical analyses on its computation complexity, its ability to
provide collision-free motions, and guaranteeing a minimum
separation distance and the convergence of the algorithm.
Section IV demonstrates the simulation results. Finally, con-
cluding remarks and recommendations for future directions are
given in Section V.

II. RELATED WORK

A. Motion Planning Algorithms

The multiagent motion planning problem has attracted much
interest in the research community, and various motion plan-
ners have been developed. Existing works are traditionally
classified into two categories: 1) centralized approach and
2) distributed approach; however, some methods cannot fit in
these two categories.

Centralized approaches [3]–[6] are suitable for small prob-
lems and can benefit from many standard optimization algo-
rithms; however, they are often computationally expensive,
especially in large problems, and are not ideal for large
teams. A simple centralized approach is motion coordina-
tion. Motion coordination refers to controlling the velocity
of agents along with their rigid preplanned motions such that
none of them pass intersecting points between their movements
at the same time. This approach introduces a configuration
space and represents agent–agent collisions as obstacles in this
space [3]. Efforts have been made to reduce the computational
complexity of the calculations [5], but still, for large-scale
problems, the computational complexity is much more than
the distributed algorithms.

Distributed approaches [7], [8] use local, reactive collision-
avoidance algorithms to let each agent plan its motion inde-
pendently and resolve conflicts in real time when impending
collisions are detected. Distributed approaches are highly scal-
able as each agent makes decisions independently, and their
robustness against disturbance is appealing as they are per-
forming real-time computations. However, they do not provide
any means to optimize the trajectories from time or energy
perspective. An algorithm is robust in a sense that it can
perform well when unknown disturbances, such as dynamic
obstacles, appear in the environment, or one of the agents is
not performing well. ORCA [7] is one well-known algorithm
in this group. Given perfect knowledge of neighboring posi-
tions and speeds, the ORCA algorithm lets each agent compute
its optimal velocity independently by solving an optimization
problem at each time step. ORCA requires relative position
and velocity to be shared between neighboring agents [9].

Another approach is to solve trajectory planning problems in
multiple stages [10]–[12]. The algorithms that use this method
often require solving one large optimization problem in one
of their steps in which the decision variables define all of
the agents’ trajectories. As a result, they do not scale well

to large teams. Preiss et al. [10] decoupled the problem into
a discrete planning stage, followed by a refinement stage. In
this method, a discrete planning algorithm is applied for both
finding an assignment between agents’ initial and final loca-
tions and for computing a sequence of waypoints. This discrete
planner solves the problem by reducing to a maximum-flow
problem. Then, continuous refinement methods start working
on the produced discrete plan to compute smooth trajectories.
However, such an algorithm is unable to avoid dynamic obsta-
cles as it is not a real-time algorithm and plans the trajectories
beforehand. It also requires heavy calculations, especially in
large size problems, which results in low speed (e.g., on the
order of minutes) for a team with 32 agents while using a CPU
with ten cores [10].

An alternative approach is to use Voronoi diagrams and
the Lloyd algorithm for planning collision-free trajectories.
Although Voronoi diagrams were initially used for finding
optimal environment coverage and agent placement, some
papers [13], [29], and [30] apply this technique to trajec-
tory planning by iteratively calculating the Voronoi cells and
planning trajectories to the point in the cell that is closest to
the agent’s goal position. The trajectories generated are nat-
urally collision free since the points only move within their
cell at each iteration. However, in real distributed simulations,
especially in 3-D environments, this method still requires the
calculation of Voronoi diagrams and the closest points at each
iteration, which imposes high computational complexity over
the agents, especially when the number of agents and iterations
to converge increases. Also, this method does not optimize the
agents’ motions in terms of time or energy.

Another recent approach is the application of deep rein-
forcement learning for multiagent motion planning [14], [15].
This approach offloads the expensive online computation (for
predicting interacting patterns) by learning policy and a value
function by applying reinforcement learning techniques that
implicitly encode cooperative behaviors. The learned policy
will be used by each agent later in real time to select the
best action at each time. Reinforcement learning is an active
research topic at its early stage with many unanswered ques-
tions. Current development still has drawbacks; for example,
the policy cannot be well generalized to new scenarios that do
not appear in the entire training period. Also, it is not suitable
for large-scale problems due to the enormous computational
complexity of the training part.

B. Flocking-Based Algorithms

This section briefly introduces the flocking algorithm [1]
and its extensions that are related to agents’ motion planning
as the basis of the FMP algorithm.

Flocking is a distributed group behavior of a large number
of autonomous interacting agents able to self-organize without
having a leader or any other central control. This algorithm is
based on three Reynolds rules [1]: 1) flock centering; 2) col-
lision avoidance; and 3) velocity matching. Reference [2]
provides a solid mathematical background for the three main
Reynolds rules in which each agent applies a force vector ui as
a control input unit. The following equations present vehicle
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Fig. 1. Attractive/repulsive pairwise function used in the gradient-based term
of the flocking algorithm.

dynamics and ui force vector for agent i:

ṗi = vi, v̇i = ui, ui = uαi + uγi (1)

uαi = f g
i + f d

i (2)

f g
i =

∑

j∈Ni

φα
(∥∥pj − pi

∥∥
α

)
nij Gradient_based term (3)

f d
i =

∑

j∈Ni

aij(q)
(
vj − vi

)
Velocity_Consensus term (4)

uγi = −c1(pi − pr)− c2(vi − vr)c1, c2 > 0

Navigational_Feedback term (5)

where pi, vi ∈ R
3 denote the position and velocity of agent

i, respectively. pr, vr ∈ R
3 are position and velocity of

a dynamic/static agent that represents a group objective and
can be viewed as a moving target. Ni is the set of neighbors
of agent i. aij(q) is an element of a spatial adjacency matrix

A(q). nij = (pj − pi)/
√

1 + ε‖pj − pi‖2
is a vector along the

line connecting pi to pj and ε ∈ (0, 1) is a fixed parameter
of the σ -norm. c1 and c2 are two positive constant values. φα
is an attractive/repulsive pairwise function depicted in Fig. 1,
in which dα is the preferred distance between the agents and
rα is the communication distance between them. f g

i attempts
to keep all the agents’ relative distances close to dα.

The term f d
i is a damping force that tries to keep the veloc-

ity of each agent close to its flockmates velocities and uγi is
the navigational feedback and attempts to attract all the agents
toward a group objective. See [2] for more details of (3)–(5).
Applying the flocking algorithm over a group of agents results
in the creation of a network of the agents moving around a tar-
get (pr, vr) while trying to keep distance between themselves is
equal to dα . Fig. 2 presents the result of the flocking algorithm
after a few seconds of its start time [2].

Semiflocking is a recent extension of the main flocking algo-
rithm, which is designed for tracking multiple targets, each
being a common objective for a subgroup of agents [16], [17].
Section III shows how we use this characteristic of the
semiflocking algorithm for motion planning of large agent

Fig. 2. Network of agents created by the flocking algorithm a few seconds
after starting in (a) 2-D and (b) 3-D environments [2].

teams. The semiflocking algorithm changes the navigational-
feedback term (uγi ) in the force function ui as shown in the
following equation while keeping the gradient-based and
velocity-consensus terms unchanged:

uγi = f γi (pi, pt1, . . . , pt1, vi, vt1, . . . , vtm)

=
m∑

j=1

ϕ
(
ptj − pi

)
.
(
c1j
(
ptj − pi

)+ c2j
(
vtj − vi

))
/ntj (6)

where m represents the number of targets, c1j and c2j are pos-
itive constant values, and pi and vi are position and velocity
of sensor i, respectively. ptj and vtj are position and velocity
of target j, respectively. ntj represents the number of sensors
currently tracking target tj and ϕ is a switching function tak-
ing 0-1 values. See [16] for more details of (6). The result of
applying the semiflocking algorithm on a multitarget problem
is small quasi α-lattices of agents around each target while
still leaving some agents free in the area for searching new
targets (see [16, Fig. 9]).

III. APPROACH

This section presents an FMP algorithm, a fast, real time,
and effective solution for 2-D and 3-D motion planning based
on the flocking algorithm described in Section II-B. Target
tracking is just one of the applications of the flocking algo-
rithm that is introduced in [2]. However, if the flocking
algorithm can guide the agents toward a target without any
collision, we can exploit that in agents’ motion planning. The
initial idea is to put the target in the desired goal location
and apply an adapted version of the flocking algorithm to
find collision-free motions from agents’ initial locations to
the goal location. Since we do not want to guide all the
agents to one goal position, we need to increase the num-
ber of targets to be precisely is equal to the number of agents
(m = n) to have a separate pair of (initial, goal) locations for
all the agents. Semiflocking presents a solution for increas-
ing the number of targets from 1 in the flocking algorithm to
m (m < n) [16]. The FMP algorithm continues this track to
have n targets where each is assigned to one agent. Also, FMP
makes essential changes in the control input force vector of the
flocking framework (ui), including the elimination of velocity
consensus term and modification of the gradient-based and
navigational feedback terms.
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A. Problem Statement

Given n agents, each with its own target location, the
objective is to guide them to their target locations, while main-
taining a specified minimum distance between them (as a result
of considering the agents volumes and localization errors),
avoiding collisions with environmental obstacles, and satisfy-
ing communication constraints and maximum agent velocity
constraints in horizontal and vertical directions.

B. Assumptions

The following assumptions have been made in this article.
1) We have n agents deployed in a 3-D environment.
2) Each agent is moving independently but in coordination

with the other agents’ motions. Let pi, vi, ui ∈ R
3 denote

the position, velocity, and acceleration of the agent i,
respectively, p = col(p1, . . . , pn), v = col(v1, . . . , vn).
Agent i obeys the following dynamics:

{
ṗi = vi,

v̇i = ui,
1 ≤ i ≤ n.

3) r is the radius of a neighborhood within which the agents
must interact.

4) Each agent can measure the relative position of its
neighboring agents and the closest point of obstacles.

5) The set of initial and goal locations of the agents are
given.

a) I = {I1, I2, . . . , In}: Set of initial positions of
agents.

b) F = {F1,F2, . . . ,Fn}: Set of goal positions of
agents, where Ii and Fi represent the initial and
final position of agent i, respectively.

6) We have n hypothetical static targets placed at the
agents’ goal positions. T = F.

7) The separation distance between agents in I and F is
greater than or equal to d, where d is an upper bound for
required minimum separation distance between agents.

8) d∗: Required minimum separation distance between
agents (d∗ ≤ d).

9) vmax: Maximum allowable velocity of the agents. vmax
is a user-specified parameter.

C. Force-Based Motion Planning Algorithm

In contrast to the semiflocking algorithm, which was
designed for multiagent target tracking, the FMP algorithm
is a motion planning algorithm. Therefore, we need to modify
the three main terms of the flocking algorithm: 1) gradient
based; 2) velocity consensus; and 3) navigational feedback to
fit the requirement of this problem and to satisfy separation
and maximum agent velocity constraints.

To reach this point, FMP first generates n hypothetical tar-
gets and places them at the given goal locations. Each agent
is uniquely assigned to one target. In this article, it is assumed
that all targets have been assigned. Hungarian assignment [18]
is one possible method in which the global cost function is
minimized

min
n∑

i−1

n∑

j=1

∥∥Tj − Ii
∥∥ (7)

where ‖x‖ is the Euclidean norm of x. A standard solu-
tion for this minimization problem is the so-called Hungarian
algorithm [18] which presents O(N3) computational cost.
Giordani et al. [19] introduced a distributed version of this
algorithm, which makes it suitable for distributed problems
as studied in this article. The auction algorithm [20] and
its distributed version [21] are lower cost alternatives to the
Hungarian algorithm, which produce suboptimal solutions in
significantly less time.

After the target–agent assignment, each agent i applies the
control function presented in (8) iteratively until it reaches its
goal location

ui =
{

0, if vT
i ui > 0 and ‖vi‖ ≥ Vmax

ui = fRi + f γi , otherwise
(8)

where fRi is the repulsive force and f γi is the navigational
feedback that attracts the agents toward the assigned targets.
Equations (9) and (10) describe how fRi and f γi are calculated

fRi =
∑

j∈Ni

(
φ
(∥∥pj − pi

∥∥) pj − pi∥∥pj − pi
∥∥

)
Repulsive Function

(9)

f γi = −c1(pi − Ti)− c2(vi)

Navigational Feedback (10)

φ(z) =
{−ρ × (z − r)2, 0 < z < r

0, z ≥ r
(11)

Ni = {
j ∈ V − {i} :

∥∥pj − pi
∥∥ < r

}

V = the set of indices of agents (12)

where φ is a repulsive function defined in (11) and depicted in
Fig. 3(a) and Ni represents the agents within a neighborhood
of agent i and is defined in (12). c1 and c2 are two positive
constant values, ρ is a positive repulsive gradient, and r is
the communication radius. Section III-C1 explains how we
handled agents’ maximum velocity constraint in ui function.

The control function in FMP, ui, has three main differences
with the flocking control function (1). First, the velocity-
consensus term is omitted here. The main functionality of the
velocity-consensus term is matching the velocity of each agent
with nearby flockmates. However, when the flocking algorithm
is going to be used for motion planning of individual agents,
each one following a separate target, there is no need to match
the velocity of each agent with its neighbors.

Second, the attractive/repulsive function of the flocking
algorithm (3) is changed to an only repulsive function
presented in (9). As described in Section II-B, the attrac-
tive/repulsive function in the gradient term of the flocking
algorithm creates a spring model that attempts to keep the
distance between two agents is equal to a predefined value
d. This function is useful in the flocking algorithm because
it needs to create a network of agents placed at a preferred
distance from each other. However, in the FMP algorithm, we
only need to keep the agents strictly apart from each other,
and there is no need to keep them at a specific distance of one
another. Therefore, we only need to have a repulsive force
between every two agents to repel them from one another
when they become close. This function is defined in (11) and
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Fig. 3. (a) Repulsive function and (b) smooth pairwise potential function
ψ(z) used in the FMP algorithm for d = 5 in [4, 5.03] interval.

depicted in Fig. 3(a). The value of the parameter ρ in this
function should be selected such that the function be able to
provide a high enough repulsive force. In this article, we take
ρ = 7.5 million.

As represented in Fig. 3(a), two agents start repelling each
other when they come within a given communication dis-
tance of one another (r). The intensity of the repelling force
depends on the distance between the two agents. Section III-C1
describes how the communication distance r is calculated
based on the given separation distance d and maximum
allowed velocity Vmax. The following equation shows the
smooth potential function between two agents, based on their
repulsive force (11). This function is depicted in Fig. 3(b)

ψ(z) =
∫ z

0
φ(s)ds =

{−(ρ/3)× (z − r)3 + C, 0 < z<r
C, z ≥ r

(13)

where C is a constant value. This repulsive potential function
induces a collective potential function in the form

V(p) = (1/2)
∑

i

∑

j�=i

ψ
(∥∥pj − pi

∥∥). (14)

Comparing Figs. 1 and 3(a) reveal the difference between
the attracting/repulsive force in the main flocking algorithm
and the only repulsive force in the FMP algorithm. Attractive
force in the flocking algorithm in [d, r] is replaced with
a repulsive force in the FMP algorithm. It also provides a much
higher repulsive force in [0, d] interval which significantly
pushes two agents apart when they want to become closer than
d and guarantee our required minimum separation distance d∗.
Theoretical analysis in Section III-E2 and simulation results
presented in Section IV demonstrate this fact.

The third and final difference between the control functions
of the flocking and FMP algorithms is about the navigational
feedback term. The navigational term of FMP is very similar
to the navigational term of the semiflocking that is described
in Section II-B, as they both attract the agents toward multiple
targets. However, there are still essential differences between
them in terms of the number of agents assigned to track each
target. Flocking and semiflocking algorithms are both target
tracking algorithms that require to have a group of agents
around target/targets to provide suitable target coverage. In
contrast, the main objective of the FMP algorithm is to create
collision-free motions toward the targets.

Fig. 4. Representation of a spherical obstacle in the neighborhood of an
agent.

1) Maximum Velocity Constraint: The agents’ velocity
restrictions are the other constraints in a real motion plan-
ning problem, which should be considered in the proposed
algorithm. A motion planning algorithm may impose a veloc-
ity to the agents, which is beyond their physical ability. This
constraint is explicitly considered in the FMP algorithm. The
velocity of each agent is influenced by its control input ui.
Therefore, to control the velocity, the FMP algorithm should
restrict the two force functions of ui in (8) such that they do not
cause over limit velocities. We restrict the value of the repul-
sive force by selecting a communication distance r that is very
close to d. The following equation shows how we calculate r:

r = 3
√

3v2
max/2ρ + d. (15)

To keep the velocity always lower than Vmax after calculat-
ing ui, a capping function [cap_velocity(i) in Algorithm 1] is
added to the algorithm that limits each agent’s velocity to its
maximum value. It is equivalent to the restriction condition
used in the first term of (8).

Algorithm 1 is a sampled-data implementation of the
continuous-time FMP algorithm discussed thus far. As illus-
trated in this pseudocode, each agent calculates its next
velocity and position at each time step in an entirely dis-
tributed manner without requiring any central control unit. It
only requires the knowledge of the relevant location of its
neighbors.

D. FMP With Obstacle Avoidance

In this section, we present an extension of the FMP algo-
rithm, which can avoid multiple dynamic or static obstacles.
The main idea is to use an agent-based representation of both
dynamic and static obstacles by creating new species of agents
called obstacle-agents. This approach is partially motivated by
the work of Olfati-Saber [2]. Each obstacle-agent is a virtual
agent that is induced by regular agents when they are close to
an obstacle. The obstacles are spheres with a defined center
and radius (p̂j, r̂j). Fig. 4 depicts an obstacle Oj which is in
the neighborhood of agent i. As illustrated in this figure, each
obstacle has three parameters p̂j, v̂j, and r̂j which represents
the position and velocity of the center of the obstacle and its
radius. Also, ŕ represents the interaction range of an agent
with neighboring obstacle-agents.

The interaction between regular agents and obstacle-agents
is described using the notation f obstacle

i in the following equa-
tion. This equation is the same as (8) except it has additional
repulsive force (f obstacle

i ) to avoid obstacles. The modified
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Algorithm 1 FMP Algorithm
Input:

- n = number of agents (= number of targets)
- I = Initial position of agents F = final position of agents
- d∗ = required minimum separation distance between agents
- vmax

Output:
- ∀n

i=0pi(t) pi(t) : (pix(t), piy(t), piz(t)) = position of agent i at
time t

- ∀n
i=0vi(t) vi(t) : (vix(t), viy(t), viz(t)) = velocity of agent i at

time t
(0 ≤ t increases in 
t time intervals)

begin
vi(0) = (0, 0, 0) // initialize agent velocity
A = agent-target assignment // e.g., Hungarian
Ti = FAi //initialize target position
Calculate d and r using (36) and (15)
for (t = 0; t < MaxSimTime; t+ = 
t)

for 0 <= i < n do in parallel
move_this_agent_to_new_position (i)

end for
MaxDis = agents_maximum_distanse_from_ F()
if ( MaxDis < EndMaxDis) do

break
end if

end for
end
————————————————————————————
move_this_agent_to_new_position (i) {

fRi = repulsive_force (i), f γi = navigational_feedback (i)
ui = fRi + f γi
vi(t) = vi (t −
t)+ ui
t
cap_velocity (i) //A hard constraint on velocity
pi(t) = pi(t −
t)+ vi(t)
t}

————————————————————————————
repulsive_force (i) {

f = 0
for 0 <= j < n do

dist = ∥∥pj − pi
∥∥

if (dist < r and j �= i) then
ForceComponent = −ρ × (dist − r )2

f+ = ForceComponent × (
pj − pi

)
/
∥∥pj − pi

∥∥
end if

end for
return f}
————————————————————————————
navigational_feedback (i) {

f = −c1(pi − Ti)− c2(vi)
return f}
————————————————————————————
cap_velocity(i) {

if (‖vi‖ > vmax) then
vi = (vi/‖vi‖)× vmax

end}

control force on agent i is given by

ui =
⎧
⎨

⎩

0, if vT
i ui> 0 and

‖vi‖ ≥ Vmax

ui = fRi + f γi + f obstacle
i , otherwise

(16)

f obstacle
i =

∑

j∈Nobstacle
i

(
φobstacle

(∥∥p̂j − pi
∥∥− r̂j

)× p̂j − pi∥∥p̂j − pi
∥∥

)

(17)

φobstacle(z) =
{−ρ́ × (

z − ŕ
)2
, 0 < z<ŕ

0, z ≥ ŕ
(18)

Nobstacle
i = {

j ∈ Vobstacle :
∥∥p̂j − r̂j − pi

∥∥<ŕ
}

Vobstacle = the set of indices of obstacles (19)

where f obstacle
i is a repulsive function defined in (17) and ρ́

is its positive repulsive gradient and determines the severity
of avoiding the obstacles. Here, we chooser>ŕ, ρ = ρ́, but
in general, they can be chosen independently. Nobstacle

i repre-
sents the set of neighboring obstacles of agent i and is defined
in (19). The other parameters are as described in (8)–(12).
Applying (16), agents can avoid obstacles in exactly the same
way that they can avoid other agents. When the agents are get-
ting close to an obstacle, they will receive a repulsive force
f obstacle
i from the relevant virtual obstacle-agent. This repulsive

force is the critical element of the collision-avoidance ability
of the FMP algorithm. In terms of sensing requirements, we
assume that every agent is equipped with range sensors that
allow the agent to measure the relative position between the
closest point on an obstacle and itself (p̂j − r̂j). Both radars
and laser radars can be used as range sensors.

E. Theoretical Analysis

This section presents a theoretical analysis of the compu-
tational complexity of the FMP algorithm. Also, theoretical
guarantees on collision-free trajectories and the minimum
separation distance between agents are given. Finally, the
mathematical analysis that proves the convergence of the
algorithm is presented.

1) Computational Complexity: In this section, we calculate
the computational complexity of each step of the FMP algo-
rithm. Each agent at each step of the algorithm calculates two
main forces: 1) repulsive force and 2) navigational force (see
Algorithm 1). Calculation of the repulsive force only includes
computing the value of the repulsive function for each neigh-
bor. Assuming that each agent has found k neighboring agents
in its vicinity, it takes O(k) time for the FMP algorithm to cal-
culate repulsive forces for each agent. Of course, in practice as
the value of r is selected very close to d, the number of each
agents neighbors (k) remains zero until it reaches to a dis-
tance from others r which, as represented in (15), is a little
bit more than the value d. Calculation of navigational feed-
back force and cap_velocity() function are the two remaining
computational steps for each agent at each iteration. The order
of complexity of these two steps is O (1); therefore, it does
not increase the total order of computational complexity of
the algorithm. As a result, the entire complexity of the algo-
rithm for each agent at each iteration is O(k), and for all the
agents at each iteration is O(n.k). However, in practice, the
execution time of the FMP is much lower than other algo-
rithms with the same computational complexity, for example,
ORCA. Simulation results in Section IV confirm this observa-
tion. This is because the calculation of the repulsive function
for each neighbor is the only effective computational effort of
each agent at each iteration in the FMP algorithm. Also, the
number of neighbors (k) is smaller in this algorithm. It is also
the result of a lower number of steps each agent takes to reach
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their goals using the FMP algorithm. It is worth mentioning
that as the algorithm is completely distributed, and each agent
is independent, the computations can be fully parallelized,
which decreases the execution time significantly.

2) Collision-Free Analysis: This section presents an analy-
sis that shows using the FMP algorithm guarantees a minimum
separation distance d∗ between the agents.

a) Collision-free proof: Before presenting the minimum
separation guarantee proof, we need to define the structural
dynamics corresponding to the FMP algorithm in addition to
the Hamiltonian energy of the system. This analysis is per-
formed with the continuous-time version of the algorithm, and
we know that the discretization approximates the continuous-
time dynamics. The vehicle dynamics of each agent in the
system is in the form

∑
:

{
ṗi = vi

v̇i= ui

ui =
{

0, if vT
i ui> 0 and ‖vi‖ ≥ Vmax

ui, otherwise
ui = −∂Uλ(p)/∂pi − c2vi (20)

where Uλ(p) is the aggregate potential function and is defined
in the following equation. Solutions of (20) are understood to
be in the Filippov sense

Uλ(p)= V(p)+ λJ(p) (21)

where V(p) is the collective potential function defined in (14),
λ = c1> 0 and J(p) is the moment of inertia of all the
particles, defined as

J(p) = (1/2)
n∑

i=1

‖pi − Ti‖2. (22)

The structural Hamiltonian of the system
∑

is as follows:

Hλ(p, v)= Uλ(p)+ K(v) (23)

where K(v) = (1/2)
∑ ‖vi‖2 = (1/2)vT v is the kinetic energy

of the particle system.
Lemma 1: If ‖vi(0)‖ ≤ vmax then ‖vi(t)‖ ≤ vmax ∀t ≥ 0.
Proof: Consider the kinetic energy of agent i: K(vi) =

(1/2)vi
Tvi, then, K̇(vi) = vT

i v̇i = vT
i ui. On the level set

‖vi‖ = vmax (K(vi) = (1/2)vmax
2), we have

K̇(vi) =
{

0, if vT
i ui> 0

vT
i ui ≤ 0, otherwise.

(24)

To show that vi(t) cannot leave the set ‖vi(t)‖ ≤ vmax, we
only need to evaluate K̇(vi) on the boundary of that set where
‖vi(t)‖= vmax, in which we have K̇= 0 if vT

i ui> 0 and K̇ =
vT

i ui if vT
i ui ≤ 0. In both cases, we have K̇ ≤ 0. Hence,

K̇(vi) ≤ 0 when ‖vi‖= vmax and any trajectory vi(t) starting
in the sublevel set Xi= {vi : K(vi) ≤ (1/2)vmax

2} cannot leave
this set.

Lemma 2: Given a collection of robots, with structural
dynamics

∑
, we have Ḣλ ≤ −c2vTv ≤ 0.

Proof:

Ḣλ(p(t), v(t)) =
∑

i

(
(∂Hλ/∂pi)ṗi + (∂Hλ/∂vi)v̇i

)

=
∑

i

(
(∂Uλ/∂pi)

Tvi + vi
Tui
)

(25)

(∂Uλ/∂pi)
Tvi + vi

Tui

=
{
(∂Uλ/∂pi)

Tvi, if vT
i ui> 0 and ‖vi‖ ≥ vmax

−c2vi
Tvi, otherwise.

(26)

In the first part of (26), we have

vT
i ui> 0 → −vi

T ∂Uλ
∂pi

− c2vi
Tvi> 0 → vi

T ∂Uλ
∂pi

< −c2vi
Tvi.

(27)

From (26) and (27), we have
(
∂Uλ
∂pi

)T

vi+ vi
Tui ≤ −c2vi

Tvi → Ḣλ ≤ −
∑

i

c2vi
Tvi

→ Ḣλ ≤ −c2vTv ≤ 0. (28)

So, the Hamiltonian energy of the system is nonincreasing
for all (p, v).

Theorem 1: Consider a group of agents applying the FMP
algorithm with c1, c2>0, and structural dynamics

∑
. Assume

that the initial kinetic energy of the system K(v(0))= 0 and the
inertia J(p(0)) is finite. Also, assume Hλ(p(0), v(0))<ψ(d∗),
then none of the agents can come closer than d∗ to each other.

Proof: Suppose Hλ(p(0), v(0)) <ψ(d∗) and there is at least
one pair of agents that their distance becomes less than d∗ at
a given time t1 ≥ 0. This implies the collective potential of the
particle system is at least ψ(d∗) : Hλ(p(t1), v(t1)) ≥ ψ(d∗).
However, by Lemma 2, Hλ(p(0), v(0)) ≥ Hλ(p(t1), v(t1)) so
we have

Hλ(p(0), v(0)) ≥ Hλ(p(t1), v(t1)),Hλ(p(t1), v(t1))

≥ ψ
(
d∗) → Hλ(p(0), v(0)) ≥ ψ

(
d∗).

This contradicts with the assumption that
Hλ(p(0), v(0)) <ψ(d∗). Hence, none of the agents can
come closer than d∗ at any time t ≥ 0.

b) Calculating the value of d∗: Having Theorem 1, we
are now ready to calculate the guaranteed minimum separa-
tion distance d∗ by the FMP algorithm. In this theorem, we
assume that Hλ(p(0), v(0)) <ψ(d∗) and K(v(0)) = 0. We also
assume that the initial distance between the agents is equal to
or greater than d (see Section III-B). We know that in the 2-D
environment, each agent can have at most six agents within
its distance d (otherwise, the neighbors have to become closer
to each other than d). This number grows to 12 agents in the
3-D case. We continue the proof for the 2-D environment.
The maximum initial Hamiltonian energy of the system is
calculated as

Hλ(p(0), v(0)) = Uλ(p(0))+ K(v(0))

= V(p(0))+ c1J(p(0)

Vmax(p(0)) = (1/2)
∑

i

∑

j�=i

ψ(d)

= (1/2)
∑

i

∑

j�=i

ρ/3 × (r − d)3

< 6n × ρ(r − d)3/(2 × 3) = nρ(r − d)3 (29)

J(p0) = (1/2)
n∑

i=1

‖pi − Ti‖2 ≤ ξn/2 (30)
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where ξ is the maximum Euclidean distance between the
agents and their goal locations. From (29) and (30), we have

Hλ(p(0), v(0)) < nρ(r − d)3 + ξn/2. (31)

As we assumed Hλ(p(0), v(0)) <ψ(d∗)= −ρ/3×(d∗ − r)3

so we have

d∗ = r − 3
√

3n(r − d)3+ (3nξ)/(2ρ) . (32)

These calculations show if the initial distance between the
agents is at least d and their initial velocity is zero then none of
them become closer than d∗ using the FMP algorithm. Using
very similar calculations for the 3-D environment, we have

d∗ = r − 3
√

6n(r − d)3 + (3nξ)/(2ρ) . (33)

Having the value of d∗, the value of parameter d can be
calculated for the 2-D environment as

d = r + 3
√
(d∗ − r)3/(3n)+ ξ/(2ρ). (34)

Applying (15), we have (35) for 2-D and (36) for 3-D

d = d∗ + 3
√(
(9n − 3)×v2

max + 3nξ
)
/(2ρ) (35)

d = d∗ + 3
√(
(18n − 3)×v2

max + 3nξ
)
/(2ρ). (36)

Equations (15) and (36) are used in the FMP algorithm
for calculation of a communication distance r that guarantees
given separation distance d∗.

3) Convergence Analysis:
Theorem 2: Using the FMP algorithm, all the agents con-

verge to final positions and zero velocities.
Proof: By the Barbalat lemma, we have limt→∞ v(t)= 0 .

Consequently, there exists a T > 0 such that
‖vi(t)‖< vmax ∀i, t ≥ T . Thus, from T onward, the
system satisfies

{
ṗi = vi

v̇i= −∂Uλ(p)/∂pi − c2vi
(37)

which is a continuous time-invariant system. Since from
Lemma 2, we have H(t) ≤ H(0) ∀t, we know all signals are
bounded. Hence, LaSalle’s theorem applies. We look for the
largest invariant set on which v(t) ≡ 0. Setting v(t) ≡ 0 in the
dynamics, we obtain ∂Uλ(p)/∂pi= 0. Hence, p(t) approaches
a stationary point of Uλ.

IV. SIMULATION RESULTS

In this section, we present several simulation results of 2-D
and 3-D FMP over three main benchmark problems. We com-
pare the results with the most promising existing algorithm
ORCA [7]. The Java implementation of the ORCA algorithm
is used in these experiments [22]. We have implemented the
FMP algorithm in Java, but our simulator is implemented in
MATLAB. Both FMP and ORCA algorithms are called from
Java in the MATLAB simulator to have a fair comparison.
These experiments evaluate the FMP algorithm over scalabil-
ity issue, obstacle avoidance, deadlock avoidance, optimality
of the produced motion, and the ability to solve dense as well
as 3-D problems. The algorithms are compared over transition

Fig. 5. Three benchmark motion planning problems with 100 agents.

TABLE I
TRANSITION AND EXECUTION TIME FOR THREE BENCHMARK PROBLEMS

FOR FMP AND ORCA ALGORITHMS

and execution time parameters. Transition time is the time that
takes for agents to move from their initial positions to final
positions applying the motions produced by the algorithm and
the execution time is the offline execution time of the algo-
rithm (time taken to solve the motion planning problem) which
shows the computational complexity of the algorithm. We exe-
cute our implementation on a laptop running Windows 10, with
an Intel Core i7-7700HQ 2.8-GHz CPU and 16-GB RAM. The
step size 
t is set to 0.02 s and EndMaxD = 0.05 m for FMP
in all the simulations. The videos accompanying this section
are available in Extensions.

A. Dense Benchmark Problems Test

In this section, we compare the performance of the FMP
algorithm versus ORCA over three benchmark problems [23]
with 100 agents represented in Fig. 5. The first case shows
100 agents whose goal is to move across a circle to the
antipodal position. The second and third cases show two
different swap positions for 100 agents: mirror and diago-
nal. For both algorithms: in the circle example d∗= 3 m and
Vmax= 15 m/s and in both swap position examples d∗= 5 m
and Vmax= 15 m/s. Note that as ORCA does not have any
direct input parameter to set required separation distance, we
set the input parameter radius = d∗/2, which yields the same
result. We use the same method in other ORCA tests as well.

Table I compares the transition and execution times of FMP
and ORCA algorithms over these three benchmark problems.
As this table shows for all the test cases, FMP significantly
outperforms ORCA in terms of both transition and execution
times.

To show the performance of the algorithms over dense
problems, we increase the problems’ density on the second
and third benchmarks in several steps. Therefore, the initial
and final horizontal and vertical distance between neighboring
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Fig. 6. Simulation of 1000 agents trying to move to antipodal positions
at transition times: 60, 90, and 115 s. Agents smoothly move through the
congestion that forms in the center. The full video is available as Extension.

points is decreased from 9.5 to 6 m to shrink the problem.
The results are compared in Table I.

As the results show, the FMP algorithm has lower transition
times, especially in dense problems. ORCA, while claiming
to be an optimal algorithm, struggles with finding a time-
optimal solution. This is most clearly shown in the original
ORCA author’s video post of 14 agents position exchange on
a circle, which is a highly packed scenario (minute 1:25 of
the video [24]). The reason is that ORCA has to reduce the
agents’ speed to keep its stability, which causes long transition
times, especially in dense problems, which is the problem of
the focus of many applications. Also, as we expected and as is
explained in Section III-E1 although both algorithms have the
same order of computational complexity, as calculation of the
value of the repulsive function is the only computational effort
that should be done for each neighbor at each step of the FMP
algorithm, the execution time of the FMP is much lower than
ORCA. This difference is more significant in denser problems.
It is also the result of a smaller number of steps each agent
takes to reach their goals using the FMP algorithm. Note that
transition time is a factor of the number of steps and the step
size (transitiontime = #steps ×
t). As the step size for both
algorithms is equal to (
t = 0.02 s), the algorithm that has
lower transition time converges to its final solution in a fewer
number of steps.

B. Scalability Tests

We test the scalability of the FMP algorithm over the circle
benchmark problem depicted in case 1 of Fig. 5. d∗ = 5 m
and Vmax= 15 m/s in this test. We increase the number of
agents from 10 to 1000. Table II shows the execution and
transition time for this test. As the results show, the algorithm
scales well for a large number of agents. Also, as each agent
makes independent decisions, the algorithm can be parallelized
efficiently by distributing the computations for agents across
multiple processors. In these experiments, we do not use the
parallelization, but it can be added simply to later extensions.
Fig. 6 shows three snapshots of the FMP algorithm for the
circle benchmark problem with 1000 agents, which shows that
the agents move smoothly through the congestion that forms
in the center.

C. Obstacle-Avoidance Tests

This section presents simulation results that show that the
obstacle-avoidance version of the FMP algorithm is able to

TABLE II
TRANSITION AND EXECUTION TIME OF FMP OVER CIRCLE BENCHMARK

PROBLEM WITH UP TO 1000 AGENTS AND WITHOUT PARALLELIZATION

Fig. 7. Simulation of four groups of 25 agents that moves with opposite
directions through a narrow passage formed by the presence of four static
obstacles. Red dots represent initial and goal positions—designated times
indicating transition time. The full video is available as Extension.

TABLE III
COMPARISON OF FMP AND ORCA OVER 100 RANDOM TEST CASES

avoid dynamic and static obstacles successfully. In these exper-
iments, ρ́ = ρ = 7.5 × 106 and d́∗ = 0.5 m < d∗. The first
simulation shows four groups of 25 agents diagonally swap-
ping their positions through a passage formed by the presence
of four static obstacles. Fig. 7 shows four snapshots of the
FMP algorithm solving this problem. It is numerically veri-
fied that no agent ever entered any of the four obstacles. The
video that is available as an Extension video shows how the
algorithm avoids dynamic obstacles as well as static ones.

D. Random Deadlock-Avoidance Tests

In this simulation, we generated 100 random test cases to
compare the average performance of the ORCA and FMP algo-
rithms over transition and execution times and the number of
deadlocks occurring in each algorithm. Each test case includes
30 random points generated in a [40 m × 40 m] environment.
d∗= 5 m and Vmax= 3 m/s. Poisson-disc sampling [25] is
used for producing both initial and final random points that
are packed but no closer to each other than the minimum
distance d. Table III shows the result of this comparison.

As is represented in Table III, ORCA becomes stuck in
a deadlock in 9% of the problems. Deadlock is one of the
drawbacks of most motion planning algorithms, especially in
packed problems. The deadlock problem in ORCA is discussed
in [7] and [26]–[28], and some deadlock-avoidance versions
have been proposed. Alonso-Mora et al. [7] explained the
deadlock problem in a nonholonomic version of ORCA in
detail. Note that this deadlock issue is inherited from the
original ORCA for holonomic agents [28]. ORCA experi-
ences deadlock in packed scenarios in which the distance
between goal locations is less than 4r, with r the radius of the
agents [7]. In such scenarios, deadlock for ORCA happens
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Fig. 8. Snapshots of initial and final agents’ formations in the time-optimality
test. Agents color shows how initial and final nodes are assigned to each other.

when all the agents reach their goal locations except a few
ones that are not able to reach their goal positions because
their motion to the goal is blocked by other agents that are
already in their final positions. An extension video shows the
performance of FMP on a famous ORCA deadlock scenario
[7, Fig. 8]. This article presents a mathematical analysis of the
convergence of FMP (Section III-E3), which proves that the
algorithm does not have any livelock. Livelock is a condition
that occurs when two or more agents continually change their
positions in response to change in other agents, and as a result,
none of the agents make any progress. As Table III shows,
FMP provides lower transition and execution times and bet-
ter guarantees minimum separation distance d∗. These results
confirm the results reported in Section IV-A.

Another impressive result that the data presented in
Tables I–III reveal that in all the experiments, the execution
time of FMP is always much less than its transition time. This
means that FMP is able to do the calculations for each agent
while it is transiting toward its goal location.

E. Time-Optimality Test

This section presents simulation results for the evaluation
of the time optimality of the motion produced by the FMP
algorithm. The following equation presents a theoretical lower
bound for the optimal transition time:

Lbtopt = lower bound of topt = n
Max
i=1

(‖Fi − Ii‖/vmax).

(38)

Lbtopt shows the time that takes for all the agents to reach
their goal locations if they all go straight toward their goal
at their maximum speed. This value is a lower bound of the
optimal transition time because it does not consider the time
agents need to avoid collision with each other. Although Lbtopt
is not the optimal transition time; it still can give us a reason-
able estimation of how far the FMP transition time is from the
optimal value.

In this simulation, agents change their formation from a cir-
cle with 28 nodes to a double circle. Fig. 8 shows the snapshots
of initial and final configurations. The initial and final distance
between nodes decreased from 12 to 1 m to make a range
of easy to hard problems. The parameters are set as follows:
d∗ = 0.4 m and vmax = 10 m/s. Fig. 9 compares the quality
of the motions produced by FMP and ORCA with the lower
bound of the optimal motion (Lbtopt).

Fig. 9. Comparison of FMP and ORCA produced motions transition times
with theoretical lower bound of optimal transition time (Lbtopt).

Fig. 10. Simulation of 100 3-D agents with random initial and goal locations
using the 3-D version of FMP as the motion planner. Red dots represent the
goal locations. t indicates the transition time. The full video is available as
Extension.

Fig. 11. Minimum distance between all agents in [0, 15 s] time interval in
the 3-D version of the FMP algorithm.

The optimal transition time lies somewhere between the
Lbtopt and FMP lines in this figure. As represented in this fig-
ure, in all the easy to hard test cases, the transition time of the
motion produced by FMP is very close to Lbtopt and is even
closer to the optimal transition time consequently. ORCA pro-
duces near to optimal transition time for low-density problems,
but as the problem becomes harder, its transition time increases
sharply.

F. 3-D FMP

The 3-D simulation of the FMP algorithm is presented
in this section. Fig. 10 shows the consecutive snapshots of
3-D simulation of FMP for 100 agents. Each agent represents
a UAV moving in 3-D. The initial and final state of the agents
is chosen at random using Poisson-disc sampling. The param-
eters are set as follows: d∗= 3 m, vmax−horizental = 9 m/s,
vmax−up = 3 m/s, and vmax−down = −6 m/s. As the figure
shows, the agents reach their goal locations in a few seconds,
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and the minimum separation distance guarantee is numeri-
cally verified, as is depicted in Fig. 11. The full video of
this experiment and a few more 3-D examples is available as
Extension.

V. CONCLUSION

This article presented FMP, a real-time FMP algorithm.
We show that the algorithm addresses several practical issues
in the motion planning of a multiagent system. First, it is
an entirely distributed algorithm in which each agent only
requires knowledge of the relative positions of neighboring
agents. Second, it has very low computational and communica-
tion overhead over the agents. Third, the algorithm scales well
to large agent teams involving thousands of agents. Fourth,
using this algorithm, agents produce near to time-optimal
motions that have much lower transition time in compari-
son to other famous collision-avoidance algorithms. Fifth, the
algorithm enables agents to avoid both dynamic and static
obstacles in the environment effectively. Sixth, it can produce
deadlock-free motions, even in dense and packed scenarios.
Seventh, the algorithm covers the movement of agents in both
2-D and 3-D environments. Eight, it has a solid mathemat-
ical background that not only guarantees the production of
collision-free motions but also guarantees to keep the mini-
mum required separation distance between the agents. Also, it
guarantees the convergence of the algorithm. Finally, it sup-
ports user preferences, such as maximum allowed velocity
of agents and minimum required separation distance between
them. For future work, we are investigating solutions to pro-
duce more time-optimal motions leading to lower transition
time. Also, expanding this algorithm to take into account
agents with more complicated kinematic constraints can be
considered as another future work for this article.

APPENDIX

This article has supplementary downloadable material avail-
able at https://youtu.be/pruxeMCniDM. This includes an
MP4 video showing simulations from Section IV, including
scalability, obstacle avoidance, and deadlock-avoidance tests,
and the ability to solve dense problems.
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