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A multi-defender single-invader target defense game is a differential game where the invader intends
to enter a target area protected by a group of defenders, while the defenders intend to capture the
invader before it enters. This game has been extensively studied and a geometric solution exists.
However, this solution has only been justified under special cases. The main contribution of this
paper is to prove that the geometric solution satisfies the HJI equation under the general condition.
Specifically, the target area is not required to take a peculiar shape, such as circles, lines, etc. In
addition, the defenders are allowed to move freely in the two-dimensional plane, the capture range of
the defenders is non-zero, and the number of defenders is not restricted. This generalized formulation
imposes an important challenge on an essential step of the proof, computing the derivatives of the
value function. This challenge is resolved in this paper therefore the proof can be accomplished. The
significance of studying the geometric solution is that it provides a state feedback control law using
an adequate amount of computation. The target defense game is inherently challenging to be solved
with numerical methods, because it is highly nonlinear and suffers from the curse of dimensionality.
The proof presented in this paper provides a solid theoretic foundation for the geometric solution, so
the difficulties raised by the numerical methods can be circumvented.
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1. Introduction

The target defense differential game is a mathematical ab-
straction of the counter-UAV scenario where a specific area needs
to be protected against hostile drones (Michel & Holland, 2018;
Sathyamoorthy, 2015). The differential game theory was initial-
ized by Isaacs in his seminal book (Isaacs, 1999), where the
Hamilton-Jacobi-Bellman-Isaacs (HJI) equation was constructed
and a solution was proposed using dynamic programming. Such
method was used to obtain analytical solutions for a number
of games (Hagedorn & Breakwell, 1976; Merz, 1971, 1972). As
a partial differential equation (PDE), the HJI equation can be
solved numerically. For example, it can be converted into a
fixed-point problem (Falcone, 2006), or can be treated as the
function of a time-varying curve (Fisac, Chen, Tomlin, & Sastry,
2015; Margellos & Lygeros, 2011) and solved with the level-
set method (Mitchell, 2007; Mitchell, Bayen, & Tomlin, 2005).
The game can also be split as coupled optimization problems
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and solved as a nonlinear programming (Carr, Cobb, Pachter, &
Pierce, 2018). However, numerical solutions suffer from curse
of dimensionality, the fact that the computation cost increases
exponentially with the problem dimension. Adaptive dynamic
programming (ADP) (Rubies-Royo & Tomlin, 2016; Vamvoudakis
& Lewis, 2011) and reinforcement learning (RL) (Dixon, 2014;
Lowe et al., 2017) are powerful in addressing these problems,
but the target defense game is still tricky because its objective
function does not contain an integral term.

Due to the reasons above, analytical solutions remain a pop-
ular option in the study of differential games. To facilitate the
analytical solution, the formulation of the game is important. For
example, players are usually modeled as single integrators (Fuchs,
Khargonekar, & Evers, 2010; Scott & Leonard, 2014) or unicy-
cles (Scott & Leonard, 2018). Choosing proper state variables (Wei
& Yang, 2018) and decomposing complex games into sub-
problems (Shishika & Kumar, 2018; Zha, Chen, Peng, & Gu, 2016)
are commonly used techniques. Meanwhile, intuitions and ge-
ometric methods also play an important role, among which an
extensively studied concept is the dominance region (Isaacs,
1999), the area that one player can reach before all the other
players. When the defender’s capture range is zero, the invader’s
dominance region in a single defender game is an Apollonius
circle (Dorothy, Maity, Shishika, & Von Moll, 2021; Ramana &
Kothari, 2017; Wang, Yue, & Liu, 2015; Yan, Shi, & Zhong, 2021).
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When the capture range is non-zero, the dominance region be-
comes a Cartesian oval (Garcia & Bopardikar, 2021). A limitation
of the intuitive solution is the lack of strict justification. An
example is the game of capturing two evaders. A natural intuition
is the pursuer capturing the evaders subsequently. Unfortunately,
the game has a stage where the pursuer has equal distances from
both evaders (Breakwell & Hagedorn, 1979), and the game only
degrades into a single-evader game when the pursuer breaks the
tie by selecting one evader. Another example is the multi-pursuer
single-evader game, where the intuitive control law (Von Moll,
Casbeer, Garcia, Milutinovi¢, & Pachter, 2019) was found to be
optimal in only part of the state space (Pachter, Moll, Garcia,
Casbeer, & Milutinovi¢, 2020).

Differential games have rich variations. Aside from the most
popularly studied pursuit-evasion game, Ref. Garcia, Casbeer,
Tran, and Pachter (2021) solved a multiplayer game where the
players are able to attack opponents within a given range, Ref.
Sz6ts and Harmati (2019) proposed a method for slower pursuers
to capture a faster evader. Weintraub, Von Moll, Garcia, Casbeer,
and Pachter (2022) designed a strategy to track a moving target
with a slower observer agent. A recent study (Széts, Savkin, &
Harmati, 2021) presented an alternative solution for the problem
studied in Hagedorn and Breakwell (1976) to handle singularities.
A perimeter defense game where the defenders moved along the
boundary of the target area was solved in Shishika and Kumar
(2019, 2020), Von Moll, Pachter, Shishika, and Fuchs (2020), and
its variations with multiple players (Shishika, Paulos, & Kumar,
2020) and in three-dimensional spaces (Lee, Shishika, & Kumar,
2020) were also investigated. A similar perimeter defense game
was studied where the invaders intended to leave the target area
from inside (Marzoughi & Savkin, 2021). In Yan, Shi, and Zhong
(2018, 2019), an analytical solution was proposed for guarding a
linear target area within a rectangular region. The solution made
extensive use of the dominance region.

This paper studies a target defense game where the defend-
ers move freely in an unbounded two-dimensional plane. Al-
though this game has a geometric solution (Isaacs, 1999) and
has been extensively studied (Fu & Liu, 2020; Garcia, Casbeer, &
Pachter, 2020), it has only been proved for special cases to the
authors’ best knowledge. For example, when the target area is
linear (Garcia, Von Moll, Casbeer, & Pachter, 2019), circular and
polygonal (Pachter, Garcia, & Casbeer, 2017). The work in Lee and
Bakolas (2021) provided a justification for convex target areas,
but the game involved only one defender. In addition, proofs
in Garcia et al. (2019), Lee and Bakolas (2021) and Pachter et al.
(2017) all assumed zero capture range.

The contribution of this paper is a justification of the geomet-
ric using the HJI equation. We resolve three challenges. Firstly,
validating the geometric solution requires to compute the partial
derivatives of the function representing the target area, which
is arbitrarily convex thus has no specific expression. Lee and
Bakolas (2021) handled this problem by constructing a function
that described the distance from a point to the target area. Such
construction is not required in this paper. Secondly, the non-
zero capture range makes the boundary of the dominance region
a fourth order curve, causing the analytical representation of a
critical intermediate variable become extremely complex. Such
representation was essential in Garcia et al. (2019), Lee and
Bakolas (2021) and Pachter et al. (2017) but is not required in
this paper. Thirdly, the value function suggested by the geometric
solution is not differentiable when multiple defenders are in-
volved. Through a detailed classification of possible situations of
the game, we prove the value function to be continuous thus it
solves the HJI equation in the viscosity sense (Crandall & Lions,
1983).

The rest of the paper is organized as follows. Section 2 for-
mulates the multi-defender single-invader (MDSI) target defense
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Fig. 1. Definition of the MDSI game.

game and introduces the geometric solution. Section 3 proves the
geometric solution for the single-defender single-invader (SDSI)
game. Section 4 proves the geometric solution for the MDSI game
and presents several simulations. Section 5 concludes the study
of this paper and discusses potential future works. An Appendix
is attached which includes detailed derivations of the proof.

2. Problem description

2.1. Formulation of the MDSI game

and a single invader I, as shown in Fig. 1. Assume
A1 the target area A is convex, and can be represented as
A= [xyl'l () <0 ; 2.1)
where (x;y):R?> — R is second order differentiable.

A2 The players’ sizes and turning radii are much smaller than
their traveling distances, thus the dynamics of the system
can be described as

X;j :VXJ; Vi :Vyj;

X =Vy; Vi =Vy; V§I+v§,:v,:

where [xj;yj]T =p; [x;; y1]T = p; are positions of the jth defender
and the invader, [vy; vyj]T = V;, [V;Vy,]"T = v are player
velocities and control inputs, Vp, V| are velocity magnitudes.

A3 The defenders travel faster, i.e., Vp > Vv;, or a > 1, where

a = Vp=V;: (2.3)

In the game, the invader intends to enter the target area
without being captured, while the defenders seek to capture the
invader outside of the target. Capture happens when the invader
is within the capture range r of at least one defender, i.e., 3j €

A4 the capture range is positive, i.e., r > 0.

Remark 2.1. As will be revealed later, the proposed proof has no
requirement on r. Therefore the proof is also valid for r = 0.

Let [x]; y,“]T be the invader’s location upon capture, the game
is defined by Eq. (2.4), where V is the value function.
(x5 yp): (2.4)

130005 Vn
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Fig. 2. Dominance region of the invader. Players are massless points therefore
Dj, I can also be viewed as positions of defender D; and invader I.

2.2. Dominance region

The invader’s dominance region against a single defender is
the area within which any point can be reached by the invader
without capture, as shown in Fig. 2 and defined in (2.5).

D) = [y I y; %5 v X6 v) = 0 (2.5a)

Ay x5y x5 01) = Ri(x; y) — aRi(x; y) — (2.5b)
q

(" — — v.)2 — v )2

Rj(x,y)—p(x X))+ =) (250)

Rx;y)= x—x)2+y—-n)*

When there are multiple defenders, the overall dominance region
of the invader is the intersection of all the individual dominance
regions. i.e., D; = Nj—1;::0D].

Lemma 2.1. For given player locations, dominance region D; =
Nj=1::::n D] i CONVeX.

Lemma 2.1 is proved in Appendix C.

Since any point within the invader’s dominance region can be
reached by the invader without capture, if AND; # @, the invader
wins regardlessly. To eliminate this trivial case, an additional
assumption is imposed:

A5 AND; = at the beginning of the game.

2.3. Geometric solution

Given player locations, define an auxiliary problem

min  (x;y)
Paux(D1; 123 Dy) : bey)” ; (2.6)
sit: [X;Y]T €Dy = j:l;:::;nD;
where Dyq;:::; Dy are the defenders involved in the game.
Lemma 2.2. Pg,(D1;:::;Dy) is convex and has a unique solution

p* = [x*;y*]T € @D;. @Dy is the boundary of D;.

Proof. Lemma 2.2 is obvious due to the convexity of and D,
and assumption A5.
Then the geometric strategy is given by
VG e i) = = M TN o,
! Ri(x*;y*) Y — Vi
Vi X —X
VG Y X Y X ) = o e U
,( 1,Y1 ns Yny X3 Vi) Rx*y") V=i
(2.7)

and the value function is suggested to be
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2.4. Goal of the paper
The goal of this paper is to prove the following theorem

Theorem 2.1. For the target defense game with dynamics (2.2),
target area (2.1) and assumptions A1-A5, the geometric control law
(2.7) and vaslue function (2.8) solve the HJI equation9

< =

%4 %4 %4 '
@75(] + @73/] + @7)(1 + @7}/1 =0 (2.9a)
ViviE D 0x; Qy; @x; Qyr” 5

under boundary conditions

VY X Y X y) =0 (2.9b)
(x1;91)=0 (2.9¢)
j:rg{}}_n{(xj —xP+ -y =r (2.9d)

The boundary condition is built from the following facts. When
the initial location of the invader is at the boundary of the target
(Eq. (2.9¢)) and there is at least one defender within the capture
range (Eq (2.9d)), the invader will be captured immediately (Eq.
(2.9Db)).

Clearly, the geometric solution satisfies the boundary condi-
tion, because D; reduces to p*, thereby V& = g(x;;yf) = 0. So
the core task of this paper is to prove V4 satisfies (2.9a).

3. Proof for the SDSI game
3.1. Notations

Since SDSI game is a special case of the MDSI game, this sec-
tion adopts a simplified notation as listed in Table 1. In addition,
we will need another function, the slope of @D;, denoted by
k(x;y; xp; yp; x1;y1). By definition, the function of @Dy is

(3.1

For fixed xp, yp, X1, y1, (3.1) is an implicit function of y(x). Taking
the derivative of (3.1) over x gives

d(x;y; xp; Yp; X1, y1) = 0:

dy
Ax(X;y; Xp; Ypi X153 Y1) + dy(X; ¥; Xp; Yo X3 Vi) —— = 0;

3.2
I (32)
where dy = 0d=0x, d, = @d=@y. Then,
d dx(X; Y3 Xp; Yp; X5
Ky yoi i) o= = SEVIDIDINN), (g
dx dy(xv}’nysyDyXlsyl)
In the proof, we will be handling partial derivatives of , d, k,

x*, y*, V, V& For simplicity, we put the variable w.r.t. which the
partial derivative is taken as the subscript. For example, @ =@x is
denoted for short as . In addition, define

X—Xp | Y—)Yp .

cos (x;y)= ; sin (x;y) = ; (3.4a)
Rp(x;y) Rp(x;y)
X —X . y—x
cos (x;y)= ; sin (x;y) = ; (3.4b)
Ri(x;y) Ri(x;y)
acos( — )—1 cos( — )—a
D= —21 1= 721 (35)
(dy)*Rp (dy)*R
e =[cos ;sin ]T; & ={[sin ;cos |';
[ i ]T & =i ]T 6)
e =|[cos ;sin ]'; e =/|[sin ;cos ]:
Among the notations above, ,d, k,Rp,R;, , , p, 1,e,e,€,

e are functions whose arguments contain x, y. These functions
will be evaluated at x = x*, y = y*. This is emphasized through
subscript/superscript *, as shown in Table 2.
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Table 1
Correlations of the notations for the MDSI and the SDSI game.

For D; in MDSI Game For D in SDSI Game

pj.: [Xj_; _Yj]Tv Paux(Dj) Pp = [XD;_VD]Tv Paux(D)
Dy, @D, Ri(x;y) Dy, @Dy, Ro(x;y)

di(x; v X3 V55 %5 91) d(x; y; Xp; Y3 %13 Y1)

Vi (X13Y15 100 %03 Y %15 91) VE(XD; YD X13 V1)
VE(X1; Y1500 X Y X Vi) V&(xp; yp; X3 Y1)

Table 2
Notations for functions at [x*;y*]T.

Functions Functions at x = x*, y = y*

Xy xo xy o yx 8yy Xy xxfs xyte yxts yy¥

dy, dy, dev dyDv dx,- dy, dys, dy*v dng- dyB, dx;‘- dy;‘

Keo Ryy Ky Ky s Kypo Ky, Ky, Ky, k"g' ky;s, kx‘,*- kyx
*

I
d k, Rp, R, b, 1 dy, keo o R RE, B0

y
Fig. 4. Definitions of F » and F «.
Lemma 3.1. For the SDSI game with dynamics (2.2), target area
(2.1), and assumptions A1-A5, we have
« dy
il = X > 0, (3'7)
P

Proof. According to convex optimization theory, @Dy is tangent
to contour @A = {[x;y]"| (x;y) = .} at p* = [x*;y*], as
shown in Fig. 3. Hence the gradient of d and at p*, namely
[ x; y17 and [dy; dy+]7 must be parallel. By definitions of |, d,
both d and increase along the direction from p* pointing into
the dominance region. So [ +; y*]T and [dx*;dy*]T are along the
same direction. This implies (3.7).

In the end, define frame F = s.t. its x-axis is along e «. Sim-
ilarly, define F » whose x-axis is along e «, as shown in Fig. 4.

3.2. Overview of the proof

Let @,V = [Viy: Vypl"s @5V = [Vy; V1", the HJI equation
(2.9a) can be re-organized as

minmax (@,,V) Vp + (B, V)'v; =0: (3.8)
\i Vp
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Lemma 3.2. For control laws Vp, V;, and function V to solve HJI
equation (3.8), it must be satisfied that
Vv Vv
—vp Yy =y, S
([ 18, VI
all@, VIl = 118, VII:

To verify (3.9), we need to calculate @,,V?, @, V. Recall V& =
g(x*;y*) and use the chain rule,

Vp (3.93)

(3.9b)

Ve X5y

iz 0 = (3100
VYD ..X}'D x* +y}’D Y;ﬁ
Ve X5+ YE g

Vi= i = T (3100
VJ/I Xy +y}’l v

x;';D, X;D, yj;D, y;‘D, le, x;,, yjj,, y;‘l can be computed by converting
Px(D) into an implicit function of x*(xp; yp; X1; ¥1), Y*(Xp; yp: X1;

y1)- An overview of the proof is presented below.

I Construct an implicit function of x*(xp;yp; x;; 1), y*(*p,
Yo Xi; Y1) using Paux(D).

II Compute xj:D, X;D, x;‘l, x;’, yij, y;D, yj:l, y;’ by taking deriva-
tives of the implicit function constructed in step L.

Il Use the chain rule (3.10) and the derivatives computed in
step Il to compute @,,V# and @, V&.

IV Verify @,,V8, @, V8 and the geometric control law (2.7)
using Lemma 3.2.

3.3. Details of the proof

3.3.1. Step I: Construct the implicit function of x* and y*

Lemma 3.3. Under A5, a necessary condition for [x*;y*]" to solve
Paux(D) is to satisfy Eq. (3.11).

(3.11a)

x k(XY Xp; Yo x5 y1) = 0;
: (3.11b)

d(X*;y*;Xp; Yo X3 y1) =

Proof. Under A5, [x*;y*]" € @Dy, which gives (3.11b). This also
converts the constraint of Py(D) as d(x; y; xp; yp; x1;y1) = 0. For
given xp, ¥p, X1, Y1, d(X; ¥; Xp; ¥p; X1, y1) = 0 can be viewed as an
implicit function of y(x). By substituting y(x) into , Pg(D) be-
comes an unconstrained optimization problem regarding x only. A
necessary condition for x to be the solution of Py(D) is d =dx =
0, which expands as

LU o y00) 406 YOG Y00 %003 1) = 0
(3.12)
Replacing x; y(x) with x*; y* in (3.12) gives (3.11a).
3.3.2. Step II, compute partial derivatives of x*, y*
Taking derivatives of (3.11) over xp gives
xx*ij + oy ij + YX*X:D + ij kit
v kX +kpyy + ke =0 (3.13)

dx*X:D —+ dy*y;‘D =+ dxg =0:

This is a linear equation regarding Xy Vg thus can be solved
directly. The same process can be executed for yp, x;, y;. After
this, we can substitute the detailed expressions of d, k and their

derivatives into the result, and simplify the representation using
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e «, e x, € x, & « and the auxiliary variables defined in (3.14).

K*:[lak*]Tv Voe=1[ x; y*]T;

. T. . T.
Vo =1 xwes yx*] Y y*:[ xy*s yy*] ’

) * 0 (3.14)
Ry = D PR R_ = b %
- 0 I 0 - 1
= Determinant of (3.13):

The result is presented in Eq. (3.15). Exemplar derivations for
(3.15a), (3.15b) can be found in Appendix B.1.

Xy =—K[V ypcos *= + 5—ad.RE&+ =  (3.15a)
Vi = KIV wcos "= + a&.Ries = ; (3.15b)
X =—KIV ysin *= + ae\Rig - = (3.15¢)
Yy, = K{V wesin *= + F—ae\Re: = ;  (3.15d)
X, = aK[V ,cos *= — @ [4ae’.Re- = ; (3.15€)
y;:—aK*TV wCos *= — aé.R.e « e (3.15f)
Xy o= aK[V esin "= — ael.R& « = (3.15g)
vy =—aK[V wsin *= — & F4ad R E . s
(3.15h)
Remark 3.1. Eq. (3.15) is not well-defined when = 0, however,
will be canceled out in @,,V?, @, V.
3.3.3. Step Ill: Compute @,,V?, @, V¢
Substituting Egs. (3.15a)-(3.15d) into (3.10a), we have
. T cos * T cos *
@PDV :—K*V"y* X* sin * = +K*V X5 y* sin * = +
#
o p-adlRE.
o ., @e'.R.E«
2 aéT*R+e *
+ y* * T B
p—ae «R_e «
(3.16)

It can be seen that the first two terms are along e «, so we attempt
to write the other two terms in frame F = as well. Let

=T
ae «Rye «

5 —ae’,R_e «

~T ~
_ p—ae R e« .
aeT*R+é * ’

2
' D

o=

(3.17)

then the coordinates of }), f) in F + can be computed through

their dot and cross products with e «:

1 e*-é ; 2 e x -

DE.= o.x ) (3.18)

Substituting the definitions of e «, ), 2, the result yields

Ky Ky
1 - _ Ve - 2 = o= 3.19
PETT de T PELT pde 519)
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Detailed computations can be found in Appendix B.3. Then, Eq.
(3.16) becomes

OppVE =K] =V o w4V ey €55 + o o p+ yz*?)

x* + V " e = + j* Xx*
y* y*

T - 2 1 2

= y*K* A\ y*k*—f-V x* € x= —+ y* —k* D+ D

=y K'H K. es= —k 2 )+ 2 %

T 1 2
= pK, =V p pt b

where H , = [V ,+;V ,«] is the Hessian of  at [x*;y*1". Now,

express ), 3, e« inF «, the coordinate of @,,V becomes
T
pvi  _ 1 yKH K
Pp F x 0
2 ky 2 ke
o v de* + ¥t 5 X*

y* KIH LK+ y*(k*ky* + kyx )

Slkidye 4+ dye)
Since d+=dy« = —k,, the second component of [@,,V]e , is O.
Also, it can be proved that

KIH Ko+ pe(kikys + ke ) = =dys: (3.20)
See Eq. (B.5), Appendix B.2. As a result,
BoVf = Vo (3212)

Following a similar process (a sketch can be found in
Appendix B.4), the coordinate of @, V in F « turns out to be
y* =y

0,VE . =-a (3.21b)

3.3.4. Step IV: Verify the geometric solution using Lemma 3.2
Compare (3.21a) (3.21b) with Eq. (3.9) and use the defini-
tion of F «, F &, it can be seen that Lemma 3.2 is satisfied if
y==dy+ > 0, which is guaranteed by Lemma 3.1. Further, since ,
d are second-order differentiable, is convex, d is concave, and
[x*: y*]T is not an extremum of d, thus y+=d,» must be finite. This
means V¢ is differentiable, thereby is the classic solution of the
HJI equation.

Remark 3.2. (3.13) is only a necessary condition. In fact, it has

another solution which maximizes . These two solutions are

distinguished by the sign of y«=d«. If p* maximized , then
y+=dy+ < 0, the HJI equation would not be satisfied.

4. Proof for the MDSI game

This section starts with the 2DSI game, the proof for the MDSI
game is a direct extension.

4.1. Notations in the 2DSI game

Here we use the MDSI notations from Table 1. In addition, the
definition of is extended into ;j = 1;2 by replacing all the
subscript D with j = 1; 2 in Eq. (3.4). The definitions of e , & are
extended into e;, €;j = 1;2 accordingly. Here we discuss three
games, the SDSI game between the invader and each defender,
and the 2DSI game among all the three players. Let p}, p5 and p*
be the solutions to their auxiliary problems. In addition, consider
the closer intersection of @D/, @D?, denoted by p’ = [x?;y’]".
Similar to how p* is handled in the SDSI game, we will compute
derivatives of x’, y” w.r.t. player locations, including xf(j, y:J xy?j,
y;j, j=12,andx},x},y:,y, . When a function is evaluated at

p’, a subscript ? is added, the same way as * is used in Table 2.
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(2) 0D} N 0D} = 0 (b) 6D! N OD? # 0

Fig. 5. Relationship of D/, D?: one belongs to the other. As an example,
D! c D?
1 =br-

Fig. 6. Relationship of D,l, D,Z: neither belongs to the other. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

4.2. Degeneration of the 2DSI game

The 2DSI game degenerates into an SDSI game in most situ-
ations. This can be identified through enumeration. First of all,
the two dominance regions D;, D? must intersect because they
have at least one common point, the invader. As a result, the
relationship between D,l and D,2 has two possibilities, one belongs
to the other, or neither belongs to the other. If the former is true
(see Fig. 5), the game is degenerated, because the intersection
of the two dominance regions is equal to the smaller one. If
neither of D/, D? belongs to the other, whether the game is
degenerated is determined by the target area. As shown in Fig. 6,
when the target area is at the blue (dot) position, the solution
of Pax(D1;D,) is distinct from both p%, p3. Instead, it is at p’.
If the two defenders both move toward p‘, the invader can be
captured at a further distance from the target than in any of the
SDSI games, thus the 2DSI game is not degenerated. In fact, this
is the only non-degenerated case. When the target area is at the
green (diamond) location, the game degenerates as an SDSI game
with D,. In between the blue (dot) and green (diamond) locations
is the critical condition where p; = p’ (red, star), which can be
viewed as both a 2DSI and an SDSI game.

4.3. Proof for the non-degenerated 2DSI game

This proof follows the same procedure as the SDSI game.
Firstly, let @5,V = [Vi;; V), 1T, 00,V = [Viy; Vi, 1T, 0,V = [Vy,,
V1", and re-organize the HJI equation (2.9a) as
minmax (@, V)'vi + (@, V)'V2 + (@, V)V = 0: (4.1)

Vi V1V

Lemma 4.1. For control laws V1, V-, V;, and function V to solve HJI
equation (4.1), it must be satisfied that
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Vv 1% 1%
VAR LAFVANIVAL. L AFEVIIIVIL LA
1@, VIl @, VI @, VI (4.2)
all@p, VIl + all@, VIl = 18, VII:
The implicit function of x?, y? is given by
d'(7 Y xyn ) =0 43)
Py x5 yas k) =0 '
Differentiating (4.3) w.r.t. x; gives
A, + dp, + d = 0 (
4.4)
dox] +dy, =0;
from which it can be solved that
? . 2 .
X, =dodp= 1 yp =—dydp= (4.5)
where = d;?df7 - d;7d§? is the determinant of (4.4). Repeating

this for y1, x2, ¥2, X1, y; gives

x,?(] = —cos 1?d§?: ; yf(] =cos pdh= ;

X}?’1 = —sin 1?d52;?: , y;l = sin 1?d§?: :

X, =cos pdp= ; ¥, =—cos pdh= ;

X;Z =sin ydp= ; y}?,2 — _sin pdb=

X, =acos ofdy —dp)= ; y, =—acos odp —dp)= ;
X, =asin o(d» —dp)= ; y, =—asin o(d» —dp)=

(4.6)

Then, @, V& can be computed using the chain rule:
i m

@y, VE = 20X, + 87V,
TLE e,

2 2
— cos 17gx?dy? +cos 17gd%

; 2 : 2
—sin 1?gx?dy? +sin 12gds

cos 12

2 2
= — ?d')—|— 2d%, .
&dy T8yl gip 1?

@5, V#, @, V& can be computed in the same way. Let Vg, = [gy,
gl", Vd, = [do;d21",j=1;2, = Vd; x Vdj, we have
0o, VE = — Vg x Vd5 ep= ;

0,,VE = Vg x Vd?1 €= |

By, VE =a Vg» x Vdj — Vg, x Vdj e 2=

(4.7)

To determine signs of the cross products in (4.7), assume D,] is
on the right, see Fig. 7. Since p’ # p;‘, must decrease along
the tangent vector of @D,1 at p7, denoted by t;. Similarly, also
decreases along —t,. Note Vd is perpendicular to t; and points
into the dominance region, therefore Vg, must be between Vd;
and Vd3. Then it can be asserted that Vg, x Vd} < 0, Vg, x Vd3 >
0 and Vd3 x Vd} < 0. Using this in (4.7) gives @,,V > 0, @,,V > 0,
@p,V < 0. This makes Lemma 4.1 satisfied.

It can be further proved that @,,V%, @,,V%, @, V?# are finite.
This is apparent when @D/, @D7 intersect at p’, since Vd}, Vd3
are not parallel thus # 0. When @D/, @D? are tangent at
p’, Vg, Vd}, Vd3 become colinear, so we need to investigate
the limit of (4.7). Because Vg,, Vd} are finite and non-zero,
Vg, x Vdf} || must approach zero with the same order as their
included angle, i.e., |Vg, x Vdi| ~ £(Vd}; Vg,) > 0. Similarly,
Vg, x Vd3|| ~ £(Vg;Vd3) > 0 and |[Vd3 x Vdi|| ~
L(Vd}; Vd3) > 0. Since Vg, is in between Vd}, Vd3, it holds
that /(Vd}; Vd3) = £(Vd}; Vg,) + L(Vg; Vd3). Note the two
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P at vertex
P* on smooth segment

Fig. 8. Dominance region in MDSI game.

defenders are identical, we only label them as D,, D, for the ease
of discussion. As /(Vd}; Vd3) — 0, there is no reason one of
L(Vd}; V), L(Vgr; Vd2) approaches zero at the same order of
£(Vd}; Vd3) but the other does not. This means limits

. L(Vd}; V) | L(Vg; Vd3)
[(vab:vid)y—o0 L(VdY; Vd3)' /(valvadr—o L(Vd]; Vd3)

are both finite. Consequently, (4.7) is finite even when  — 0.

4.4. Proof for the MDSI game

Since D; = ﬂ,-zl;;;;;,,Dj, @Dy is piece-wise smooth, where each
take two kinds of locations, within a smooth segment @D; or at
a vertex. In the former case, the game degenerates into an SDSI
game. In the latter case, the game degenerates as a 2DSI game. So
the HJI equation is satisfied within each case.

Because the differentiability of V& is not assured when the
game switches cases, we prove V& to be continuous thus it
satisfies the HJI equation in the viscosity sense (Crandall & Lions,
1983). On the one hand, if the MDSI game degenerates as an SDSI
game with D;, there must exist a small enough deviation in player
locations such that the relationship p* = p} is maintained, so
the continuity of p* is inherited from p;. On the other hand, if
the MDSI game degenerates as a 2DSI game with D;,, Dj,, then
the new degenerated game after the deviation must remain as a
game with either or both of D;,, Dj,. This is because other vertices
of @D, are at finite distances away, hence p* will not switch to
other vertices under small enough deviations. So the continuity
of p* follows from the 2DSI game. For the 2DSI game, we only
need to consider switches involving the non-degenerated game.
Note the switch happens when pj, p3, p’ overlap, therefore the
continuity of the value function follows from the continuity of p7,
p3, p’, which has been asserted in the previous sections.

4.5. Simulations

This section shows some simulations of the geometric solu-
tion. The (non-dimensional) parameters used are vp = 1:5, v; =
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Fig. 9. Barrier of the MDSI game. vp = 1:5, v, =1, r = 2.

10 10

Dy

&

> 0 Target > 0 Target
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-10 -10
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(a) Degenerated as a 2DSI game (b) Degenerated as an SDSI game

o M
Fig. 10. 4DSI game simulations. (x;y)= x2+y? —5.

1, r = 2. Given defender locations, the location for the invader to

The boundary of this region is called the barrier. The barrier for
different target areas are shown in Fig. 9.

Trajectories of an MDSI game with four defenders are shown
in Fig. 10. This game is always degenerated. When the game
degenerates as a 2DSI game, the invader is captured at a vertex
of @D;. when the game degenerates as an SDSI game, the invader
is captured at a smooth segment of @D;.

5. Conclusion and future work

This paper justifies an existing geometric solution of a multi-
player target defense game with non-zero capture ranges and an
arbitrary convex target area. The dominance region boundary of
this game is a fourth-order curve and the target area takes no
specific form, which makes the derivatives of the value function
V& tricky to compute. We resolve this challenge by constructing
an implicit function of the intermediate variable p*, re-organizing
the HJI equation, and appropriate choice of reference frames. By
investigating how the MDSI game degenerates, we simplify the
problem as an SDSI or a 2DSI game.

To extend this work, the second-order differentiability re-
quirement on  can be relaxed. The authors’ supposition is that
continuity is sufficient. One may also consider multiple invaders,
but it is more challenging because a task assignment problem
is needed to decide the capture order (Fu & Liu, 2021), and the
number of players changes when an invader is captured.
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Appendix A. Partial derivatives of d, k

Since d, k are represented with Rp, R;, , , we will start with
derivatives of Rp, R;, , .This appendix adopts the SDSI notations
in Table 1, but the result can be used for MDSI games by replacing
pp = [xp; ¥p]" with p; = [x;; y;1".
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A.1. Derivatives of Rp, R;, ,

According to the definition of Rp in (2.5¢) and in (3.4),
@R 0P
(Rok = =2 = (x—xp)? +(y — yp)? (A1a)
ox  0x
2 —
=P (x = %) = cos (A.1b)

2 (x—xp) + (ol
To compute (Rp),, we can replace (x — xp) with (y — yp) in the
numerator of (A.1b) and the result yields (Rp), = sin . Further,
it can be seen that the only difference between (Rp)y and (Rp)y,, is
x having coefficient 4+1 in (x — xp) while xp having —1. Therefore
(Rp)x, = —(Rp)x. Similarly, (Rp)y, = —(Rp)y. This concludes all the
first order partial derivatives of Rp. Since R; is defined the same
way as Rp, derivatives of R; can be inferred from that of Rp with
replaced by and xp, yp replaced with x;, y;. The results are
listed in Eq. (A.2).

(Rp)x = cos ; (Rp)y = sin

(Rp)xy = —cos ; (Rp)y, = —sin A2)
(R)x =cos ; (R)y = sin

(Ri)y, = —cos ; (R)y, =—sin

To compute partial derivatives of cos , multiply both sides of
the first equation in (3.4a) by Rp and obtain

Rpcos =x—xp: (A.3)

Taking derivative of (A.3) over x, xp, ¥, ¥p respectively gives

(Rp)xcos + Rp(cos )y =1 (A4a)
(Rp)x, cos  + Rp(cos )y, = —1: (A.4b)
(Rp)ycos 4+ Rp(cos ), =0 (A4c)
(Rp)yp cos  +Rp(cos )y, =0 (A.4d)
from which we can solve
(cos )y = sin® =Rp; (cos ), = —sin cos =Rp; (A52)

(cos ),(Dz—sin2 =Rp; (cos )y, =sin cos =Rp:

Repeating this process for the other equation of (3.4a) gives

sin = —sin cos =Rp; (sin = cos® =Rp;

(_ x . p; ' Yy ) D (A5b)
(sin )y, =sin cos =Rp; (sin ), = —cos” =Rp:

Because R;, are defined the same way as Rp, , deriva-

tives regarding
subscript p with ;, and replacing angle

can be inferred from (A.5a) (A.5b) by replacing
with . The result is

(cos )y =sin® =R;; (cos ), = —sin cos =Ryj;
(cos )y, =— sin? =R;; (cos )y, =sin cos =Rj;
(sin )y=—sin cos =R;; (sin ), = cos® =Rj;

(sin ), =sin cos =R;;  (sin ), = —cos’ =R

(A.5¢)
A.2. Derivatives of d

Recall d = Rp — aR; —r. Based on the derivatives of Rp, Ry, first
order derivatives of d can be computed directly:

dy=cos —acos ; d, =sin —asin ;
dy, = —cos ; dy, =—sin ; (A.6)
dy, = acos ; dy, = asin

Second order derivatives of d can be obtained by differentiating
(A.6) and using (A.5). Here we only list those will be used to
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compute the derivatives of k:
dy = sin®> =Rp — asin® =R;;
dy = —sin cos =Rp +asin cos =R;;

dy, = cos® =Rp —acos® =R;

dy, = —sin®> =Rp; dy, = sin  cos =Rp; (A7)
dy, = asin® =Ry; dy, = —asin cos =R;

dy, =sin cos =Rp;  dy, = —cos® =Rp;

dy, = —asin cos =R;; dy, =acos’® =Ry
A.3. Derivatives of k

Recall k = —dy=dy, so ky, can be computed as
dyx dyx dydyy, — dydyy

Ky, = ——D 4,220 — XD VD A8
- d, v & & (A8)

kx, ky, ky,, kx,, ky, can be obtained by replacing subscript xp with x,
¥, ¥p, X1, ¥1. Substituting second order derivatives of d from (A.7)
and using (3.5), we have

k¢= psin 4+a ;sin ; k,=— pcos —a jcos ;
ky, = — psin ; ky, = pcos ; (A9)
ky, = —a ;sin ky, =a ;cos

Appendix B. Details in computing derivatives of x*, y*

B.1. Derivatives of x*, y* w.r.t. xp

As stated in Section 3.3.2, taking derivatives of (3.11) over xp
gives (3.13). Re-organizing it using (3.14) gives

Gx*X:D + Gy*y:D + y*kxf) =0;

deXy) + dye Yy + dy = 0; (B.1)
where Gy+, G+ are derivatives of , d, k grouped together:
Go =KIV o + ke pei G =KV e + ke o
Then, it can be solved from (B.1) that
X = OesGyr —kygdy § = (B.2a)
Vip == OxrGe — kg de p = (B.2b)
= dy:Gyr — dysGys: (B.2¢)

In (B.2a), putting  on the left-hand-side, expand G+, and sub-
stituting the expressions of dy«, dy+, de, we have

X;  =-—cos , KIV ,—

* *
o pCOS . +a [cos .

+ psin ,.sin , —asin ./
=—K[V pcos .+ }
+a [cos ,cos . g+ —a fsin ,sin ,
=—KIV pcos .+ 5—a8.RE«
This gives (3.15a). Similarly,
—y; =-—cos . KIV o+ [sin .+a fsin .
+ psin .(cos . —acos )
=—K!V 4xcos ,—a fsin ,cos ,
—a jsin ,cos , g«
=—K!V yicos ,— ag +Rie s
This gives (3.15b). Other derivatives in (3.15) can be obtained in
the same manner.
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B.2. Simplify

Recalling Eq. (3.7) states that <= ,« = dy«=d)+. In addition,
k. = —dy==dy~ by (3.3). Then  can be simplified as
dy
= dy(Gyr — i
Expanding Gy, Gy« and K,,, V ,, V « therein, we have

Gye) = dye (G + k,Gye)

=dy KIV o 4ke potke KIV o+ kp
=dy e+ ke e (R + Rakye) e+ Rl g + Ko yye)

d » dk, d
4 dx + dx 7 e dx oD
_ d x* +k* y* _ i d * —d d2 %
7 dx A A g, T A g,

0Dy

(B.4)

Note in the computation above, subscript 3o, means the deriva-

tive is taken along @Dy, or equivalently, under constraint d(x; y,
Xp;¥p; x1;y;) = 0. Here xp, yp, x;, y; are treated as parameters.

Starting from the first line of (B.4), can be manipulated in
another direction:

=dy KI'V ot ke po+ke KIV o kp s
1
=dy K[V »;V x] K, + (ke + kiky) e (B.5)

=dy KIH Ky + (Kikys + ker) e
This proves Eq. (3.20).
B.3. Inner and cross products of E, with e «
Inner and cross products of ), 2 withe « are straightforward

to compute by definition. For ,13, we have
. ox T R & T R.& . .
e« p = p—aeR e« cos .+ ae . Rie» sin ,:

Expand R_, Ry, e , e x, the equation above becomes
1

€x- p

= jcos ,—a( jsin ,sin ,— [cos ,cos ,)cos .+ (B.6)
a( pjcos ,sin .+ [sin ,cos ,)sin . '
= jcos ,+a [cos .= —ky:

Similarly,

e x b

~T ~ . -
=— }—ae.R&: sin ,+ ae'.R, &+ cos .

=— psin ,+4a( jsin .sin ., — [cos ,cos ,)sin .+
a( pcos ,sin .+ [sin .cos ,)cos .

=— psin ,+a jsin . =— jdp:
(B.7)
Using (B.6) (B.7) in (3.18) gives the first equation of (3.19).
B.4. Represent @,V in F*,
Let

1 a;+el.Re-~ . o2 &".R,e « .

! e’.R,& T ar4dRE.
@,,,V can be represented as
0o, VE =—a »K[H Ke = —a L(—k. [+ ]) (B.8)
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Fig. C.11. Dominance region of the invader under a frame where the x-axis is
along DI.

Following a similar process as Appendix B.3, we can reach

Ky K
1 _ y - . 2 X - .
e, =7 e T TR T de kT (B.9)

Appendix C. Proof of Lemma 2.1

Since the intersection of convex sets is still convex, we only
need to prove the lemma for the SDSI game. Here we use the
SDSI game notation from Table 1. Because the convexity of Dy is
independent of the reference frame, we place the x-axis along
vector DI, as shown in Fig. C.11. Since @D; is described by
d(x;y; Xp; Yp; X1;
y1) = 0, an implicit function of y(x), it is sufficient to prove y(x)
being concave (d?y=dx? < 0) for y > 0, and convex (d?y=dx* > 0)
for y < 0. Recall the slope of @Dy is given by k = —dy=d,, hence
d*y=dx* can be computed as
d’y dk dy dyk, — dyk
7 =g = Tk =k — d—yky = %:

Putting d, on the left-hand-side, substituting dy, d, from (A.6) and
kx, ky from (A.9), the equation above becomes
2

dy@ =(sin —asin ) psin +a ;sin )
4+ (cos —acos ) pcos +a jcos )
=p—a* ;—apcos( — )4a jcos( — )
=— p.acos( — )—1/4a j(cos( — )—a)
.acos( — )—1/2 a.cos( — )—al?

(dy)*Rp (dy 2Ry

According to the definition of Rp, R; in (2.5¢) and a in (2.3), and
the fact that a > 1, it must hold that R;=Rp < 1. Multiplying both
sides of the equation above by (dy)zR,, we have

d’y R,

3 ) )

(dy) szz—.acos( - )= E_|_a_c05( — —af
> —.acos( — )—1/24 .cos( — )—al?
=a-1 1-cos’( — ) >0

This means the sign of d’y=dx? is the same as d,. According to
(A6),dy, = sin —asin . In the chosen reference frame, yp =
y; = 0. Using this in the definition of , , it can be seen that
|sin | < |sin |. As a result, we have sin — asin < O for
y>0,andsin —asin > 0fory < 0. This implies d?y=dx* < 0
when y > 0, and d?y=dx?> > 0 when y < 0.
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