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A novel robust path-following flight controller for multiple quadrotors carrying a slung payload is proposed. The
payload is manipulated by a group of quadrotors with cables so that every agent shares the payload weight. The
system is decomposed into the payload subsystem and the quadrotor attitude subsystems. The controller is
hierarchical. The outer loop is a robust path-following controller that stabilizes the payload subsystem. An
uncertainty and disturbance estimator is designed to estimate and eliminate the disturbances. The inner loop is an
attitude tracker implemented on each quadrotor that follows the target attitude generated by the outer-loop
controller. The overall stability of the complete system is shown using the Lyapunov method. Simulations and
flight demonstrations show that the controller can stabilize the slung load according to the given path command under

exogenous disturbances.

Nomenclature

a;, D, E; = weighting parameter and matrices for payload
control distribution

B; = auxiliary matrix relating the horizontal speed v
to the cable tip speed L;

C.M = Coriolis and inertial matrices of the equations
of motion

e, e, e = unit vectors: e; =[1,0,0]", e, =[0,1,0],
and e; = [0,0, 1]"

€,y €, = position, velocity, and attitude error of the pay-
load, respectively, m, m/s, rad

F,G, A = actuation, gravitational, and disturbance force
terms of equations of motion

frjfi = propeller lift of the jth quadrotor expressed in
JF 7 and its magnitude, N

g, 8 = gravitational acceleration vector in F7 and its
magnitude, m/s?

Jy J = moment of inertia of the payload and the quad-
rotor, respectively, kg - m?

L;, 1 = cable vector in F7 and its magnitude, m

m,, m; mass of the payload and the jth quadrotor, kg

N = number of quadrotors

n;, p; = directional vector and the starting point of the
ith segment of the path

R,p = rotation matrix from frame A to frame B

Fj,v; = xandycomponentof L and its time derivative,
m, m/s

t; = vector from Op to Or; in Fp,i.e., cable anchor
position, m

Vg = reference speed vector, m/s

V,, X, = 1\‘lnellocity and position of the payload in the F 7,

S
Aj,A;;,A; = (disturbance force on each quadrotor and its

components that are parallel and perpendicular
to L], N
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AL A, = disturbance force and torque on the payload, N

T; = torque on each quadrotor, N - m

¢, 0,y = roll, pitch, and yaw angle of the payload recep-
tively, deg

@, 0] = angular velocity of the payload and the jth
quadrotor, rad/s

1,0 = identity matrix and zero matrix of appropriate

size, respectively

I. Introduction

UADROTORS have been seen in a variety of industrial appli-
Q cations, such as surveillance [1] and fire monitoring [2].
Although limited in terms of lifting capability and range, rotorcraft
such as quadrotors and helicopters have been used to conduct
autonomous transport of slung payloads [3—6]. A field mission was
demonstrated by the Kaman K-MAX in Afghanistan [7]. Recently,
automatic package delivery systems have also been implemented by
Klausen et al. [8] and Geng and Langelaan [9] with commercial
drones and cable suspended payloads.

If the payload is tethered to the vehicle via cables, the system is in a
slung payload configuration. The main purpose of using the slung
payload configuration together with a group of cooperative rotorcraft
is to increase the payload capacity. Although heavy lifting missions
could be done by specialized vehicles such as the Mi-26 [10] and
UH-60 helicopter [5], they are not always available and the cost of
operation can be high. Alternatively, using a group of small-sized
autonomous rotorcraft in coordination to share a heavy payload has
promising potential, and an example is the Boeing Lift! Project [11].
Compared with using robot manipulators, the slung payload con-
figuration is structurally simple and low cost and, therefore, has been
extensively studied in literature [12—15]. Traditionally, the slung-
load transportation problem requires pilots to fly the helicopters in
coordination. However, the task becomes a cooperative flight control
problem when autonomous rotorcraft such as quadrotors are used.
The technical challenges then lie in the quadrotor-payload stabiliza-
tion and path-following control. Successful control development
could result in precise manipulation of payloads and reduced pilot
workload.

The state-of-the-art solution for the coordinated flight control
problem can be divided into two main groups: the formation priority
(FP) design and the load priority (LP) design. The FP design focuses
on maintaining the formation of the vehicles and relies on the cable as
a distance constraint to place the payload at the desired position. The
cable forces are usually treated as external forces to be compensated
[3.4.8]. The Udwadia—Kalaba method is a common approach to
obtain the cable tension for force compensation [§]. Dhiman et al.
used the pictorial description and a force cone to remap the load
control force into a formation trajectory [16]. Rastgoftar and Atkins
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studied a paradigm (CALM) with the continuum deformation
approach to transport the slung load with collision avoidance guar-
antees [17]. Other types of FP designs such as the passivity-based
control by Meissen et al. [18] and the leader—follower scheme by
Gassner et al. [19] have also been investigated.

On the other hand, the LP design treats the slung-load system as a
complete multibody system and uses linear/nonlinear control tech-
niques to develop a control strategy. The cable forces are then treated
as internal forces as a result of length constraint such as the dual-lift
system with RMAX helicopters [20] and aerial cable-drive robot
system developed by UPenn’s GRASP lab [21]. The LP designs
attract more attention than the FP designs because they can manipu-
late the payload precisely and provide deeper insights into such
multibody systems. Goodarzi and Lee provided a hierarchical con-
troller based on the linearized multibody slung-load system, and
tested the controller in experiments [22]. Wu and Sreenath proposed
a control algorithm by using the pseudo-inverse of the control matrix
to obtain the reference lift of each quadrotor [23]. An important work
by Lee provided a geometric controller for rigid-body slung-load
trajectory tracking under disturbances [24]. The disturbances were
estimated and compensated by an adaptive law. The flatness meth-
odology and adaptive method were also adopted by Nair et al. to
design a slung platform-ball stabilization controller with three quad-
rotors [25]. Kotaru et al. proposed a differential flatness based method
to control a payload while modeling the cables as point masses
connected by rigid links [26].

To mitigate the effect of exogenous disturbances, a variety of
robust control methods, such as adaptive control [24], sliding mode
control [27], and active disturbance rejection control (ADRC), [6] are
used. Among these potential candidates, the ADRC design paradigm
produces reasonable performance for slung-load systems. The key
step is to treat the estimated disturbances as an extended state and
design the corresponding error dynamics. The transient property of
the estimator can be set so that the estimator injects much less
perturbations into the system than the adaptive control design. Com-
pared with sliding mode control, ADRC does not require a high-gain
feedback. A special type of ADRC paradigm called the uncertainty
and disturbance estimator (UDE) method [28] was investigated in the
context of the slung-load systems [6]. It relies on a low-pass filter
together with the system model to estimate the disturbances. It
captures both the constant and the low-frequency components of
the disturbances without introducing large variations into the tran-
sient states and is a promising candidate for cooperative slung-load
control.

A scalable nonlinear cooperative controller for multiple quadro-
tors carrying a slung payload was developed in Ref. [12] based on
Kane’s method and Lyapunov direct method. In this work, the
position error and the attitude error of the payload are converted into
virtual lift commands. The quadrotors then rotate in the correspond-
ing directions to manipulate the slung load. In addition, a UDE-based
robust controller was developed for a single quadrotor carrying a
slung payload to facilitate path-following control under exogenous
turbulence [6]. This paper combines the previous work [6,12] by
extending the UDE concept into the multi-UAV slung-load system to
design an LP control law and performing experiments in hardware.
The main contributions are thus threefold. First, a full nonlinear
controller is introduced and shown to be asymptotically stable
(AS). Second, following the UDE design paradigm, an estimator
with low-pass properties is introduced to measure the disturbances on
the system. The overall virtual control force is fulfilled by an attitude
tracker on each quadrotor to point the lift vector in the target direc-
tion. Third, the control effectiveness is verified in both simulations
and indoor experiments. The controller is able to stabilize the slung
load in the presence of disturbances in the form of unknown payload
mass distribution.

The remainder of this paper is structured in the following manner:
Sec. I provides the problem formulation and the dynamic modeling.
Section III presents the controller design. Section IV contains the
stability analysis. Sections V and VI demonstrate the performance of

the proposed method in simulations and experiments. Finally,
Sec. VII contains the research conclusions.

II. Problem Formulation

A. Mathematical Preliminaries

Let |[v]| = v'v"v be the norm of vector v € R¥¥!. Let M € R¥V¥
be a square matrix, and ||M| denotes its matrix 2-norm. Let
¢ e R = ¢, @317, and @* € R>3 is defined as a matrix
mapping to a skew-symmetric matrix, i.e., p* = —(¢p*)7. Thisis also
known as the cross-product mapping or Lie algebra. Its inverse
mapping to convert a skew symmetric 3-by-3 matrix M is denoted
as MV =[-My,; M3 —-M]|T € R¥*!. The coordinate of a
vector x in frame A is denoted as x, € R3*!. The rotation matrix
between frame A and frame B is denoted as R,g € SO(3).
RuogRps = RygRY; = 1. x4 = Rppxp. Subscript Oy, is defined
as the x and y component of a vector a € R™!, ie., a,, =
[a1 a]".

B. Reference Frames and System States

The geometry of the problem is captured by Fig. 1. A slung
payload is lifted by N quadrotors labeled as j=1,...,N. All
cables are of the same length of l € R. F7 = {0, I,,I,,I }isa
world fixed north-east-down frame. Fp = {Op, P,, Py,PZ} is a
body-fixed frame on the payload. The rotation matrix between F 1
and Fp is denoted as R;p. Op is at the center of mass (CM) of the
payload. 77, ={Or, T, ;. Ty ; T, ;} is an auxiliary frame with
its origin Oy, fixed at the cable attachment point on the payload that
only translates with the payload, i.e., RTj, =1. The body-fixed
frame on the jth quadrotor is F ; = {0}, j, jy. J.}. The rotation
matrix between F 7 and F 7 is R;;. Each cable is assumed attached
to the CM of the quadrotors, so their attitude dynamics are
decoupled from the rest of the system. Hence, we define the attitude
subsystem corresponding to the jth quadrotor as X;. The rest of
the system, including the quadrotor translation dynamics and the
payload rigid-body dynamics, is denoted by .. X, is essentially a
rigid body connected with several point masses. The vector from
Opto Oy, ist; € R3*1 i.e., the cable attachment offset. Note that
L; overlays the cable between the payload and the jth quadrotor.
r; € R¥!is the projection of L ; onto the x and y plane of 7. The
cable has a fixed length, so r; is sufficient to describe the motion of
the quadrotor relative to the payload. A set X', = {x,, Rjp.7}....,
N, Vp, @), vy,..., vy} is used to denote the state of Zp. The set
X;={R;;,w;} is used to denote the state of X, The set
X ={X,, X\,..., Xy} is used to define the state of the complete
system. An auxiliary matrix B; € R3* relating v ; to the tip veloc-

ity of the cable, i.e., L;, is

I‘j . 12x2
Li=|_fp_, |} Bvi=Ls Bj=|_n | (D
7o A /lz—rorj
According to Fig. 1, the positive z direction of 7 points down-
ward so the z component of L; is negative by definition.

C. Equations of Motion

The equations of motion (EOM) are adopted from our previous
work [12] listed as follows:

Mi+Cu=G+F+A .
: Jo; +ofJo; =1
X, =v ] :

P P
Z,: B = R 5 Zig Ry R0’
1p = Kjp@p .
. frj=—fiR;es
ri=1;

@3
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Fig.1 Thesystem geometry for multiple quadrotor UAVs to cooperatively carry a tethered payload. For the control design purpose, we assume d; ~ 0 so

that cables are attached at the CM of each quadrotor.

where the generalized speed of %, is denoted by u:

Finally, the generalized forces G € RO+2Vx1 | F g RO+2M)x1 4pnqd
A € ROF2N)X1 g

u= I:vIT, ol ol v,{,]r € RO6+2N)x1 3)
A+ A myg; + 3 mig;
Matrices M and C are A, + ijzl tjf Rp/A; Z;V:l m; tj? Rpig;
_ - — BTA — mBT .
(mp+Mq)1 RIPAT mlBl mNBN A - 171 ’ G - ! lg[ ’
ARp; Jp+J,  mitiRp B, myty Rp By
M=| mBT  —mB'RptX mB'B, 0 05 i Bl Ay myBYg
0o - 0 Y S
N X
| myBY —miyRpty 05 0 myByBy | 2 G Reif L
€ R(6+2N)X(6+2N) ) F = B1Tf L1 (6)
where M, = YW mj, A = 30 mitf,and J, = Y00, —m;t5ey BLf
The Coriolis effect matrix is denoted as NJ LN
03,3 Ru)w;AT mlBl mNBN
O3 —(J,@,)" = Y mtfwts  mitRp B, myt<Rp By
C = 02)(3 —nm, B{Rn_)ﬂ)éti< nm, B{Bl 0 02)(2 (= R(6+2N)X(6+2N) (5)
0 0
| 023 —my By R p@sty 0550 0 myBYBy




Downloaded by Hugh Liu on April 7, 2022 | http://arc.aiaa.org | DOI: 10.2514/1.G006173

QIAN AND LIU 437

Assumption 1: All disturbances are bounded. A ; and A ; are the
components of A; that are perpendicular and parallel to L ;, respec-
tively. The so-called effective disturbances on the payload are
denoted as Ay and A. They are calculated as follows:

Ar=A A+ A
A=A + YN 7 RpA,

J=1%J

A =L,LTA, /P
{ [l.j J J/ . (7)

Aj=A-4y;

A7 and Ay can be viewed as force and torque solely acting on the
payload. AT ~0, AR ~0, and Aj ~ () are assumed as reasonable
engineering treatments near hover in near-calm winds for a typical
ADRC design [29]. The following identities are used in the sub-
sequent stability analysis:

N N
A+) A =Ar+) AL
j=1 j=1

N N
A+ Zt?RPIAj =Ag + Zt;‘(RPIAL.j 3)
=1 =

D. Formulation of the Path-Following Problem

The PFP task requires the CM of the payload to travel along a path
P={n;v4; p;}(i=1,...,N,) described by a series of intercon-
necting straight lines determined by the directional vectors n; and
starting waypoints p; as shown in Fig. 1. The equilibrium of the
system is the state where the payload cruises on the given reference
path instead of chasing a moving reference point. e, ; and e, ; are
defined as

epi = (¥, = pi= [0l (x, = p)) - m;) = (A= mn])(x, - py);

e, =V, V; 9

The matrix 1 — n;n! extracts the component of a vector that is
perpendicular to the reference line. Eliminating e, ; means that the
payload will slide on the path. The sliding speed of the payload is
constrained by e, ;. The desired attitude of the slung load is denoted as
a target rotation matrix R;p 4 € SO(3). The attitude error e, € R¥>¥!

becomes
e, = (RpraRip — RpRip 4) /2 (10

If the slung load is pushed by a horizontal disturbance force, there is a
nonzero cable inclination angle at the equilibrium point for each
cable. This angle is denoted as a target horizontal cable tip displace-
ment r; 4, and r; should reach r; ; at the equilibrium. The cable tip
movement error is defined as F; = r; —r; ;. The error state of the
system is jf’,, ={e,;.€. F,....Ty.€,;,®,,V,...,0y}. The PFP
is then defined as follows: for given a path IP, design f';, ; such that the
equilibrium .ii',’: =1{0,0,0,0, ...,0} is asymptotically stable (AS).

III. Controller Design

This section presents the controller design. The proposed control
law has a hierarchical structure. A virtual control force is first
provided based on the payload path and attitude error. Once the
virtual control law provides the reference lift vector, the attitude
controller of each quadrotor tilts the quadrotor accordingly to control
the payload.

A. Configuration Requirement

To fully control the load attitude, at least three quadrotors are
needed. The condition for fully payload controllability is that there
exist scalars @; > 0 and an auxiliary matrix D such that

N N

— 0 —1- — XgX.
Zajt]—o, Clj—l, D—Za]tjtj,
=1 =1

j=1

rank(D) = 3 (11)

The above condition ensures that the cables are distributed around the
CM of the payload so that the payload can be leveled during flight.
This property is similar to the rank condition in Eq. (13) of Ref. [13]
but can be directly used in controller design. Consequently,
Vb € R3*!, and the following is true:

N N N
> apib=-b<> ait; =0, > ab=b (12
j=1 j=1 j=1

This property is later used in Egs. (15) and (18) to distribute the lifting
force to cancel gravity without introducing net moment on the pay-
load. A constant matrix E;, which is used subsequently in control
design, is defined as

N N N

B= D7 Y aB =0 0 =Y i b =1
j=1 j=1 j=1

(13)

Similar to the property in Eq. (12), E; is used in Egs. (15) and (18) to
distribute the control torque to each drone without adding resi-
due force.

B. Virtual Control Force

First, the virtual control law needs the following auxiliary varia-
bles: k;, k,, and k, are positive gains. The “*” symbol is used to
annotate terms with the estimated disturbances.

iél = Zﬁy:l ajB/-(v/- +ﬁ/)

sp = ev,i + kvep.i ~ A A~
Fy=-MF + kR,

s, =w, + ke, ;

&=k, +F,
& = kvep,» + ﬁl — Vg,

ﬁj =k ("j - ;_j,d)

-
(8]
Il

> a;ETRpB;(v; + fi))

(14)

M, 4, Ko, k,, and kg are positive numbers; s, 8., and i ; are the path-
following error, the attitude error, and the quadrotor position error
relative to the payload. Then the virtual control law f', ; becomes

o :fO.j+fa,j +fb,j+fc,j+it.j

foj=-m; [c +k.Bjv; + Bjji; - d(R,Pt_,*ﬁ)/dz]

Sfaj= —Ko[vp +§'— R;pt (@), +1) + B;(v; +ﬁj)] (15)
foj= _aj<mpé + kpmpsp)

Sfej= _ajRIPEj(Jpﬁ + str)

Here f, ; consists of three parts with their physical meanings; f 1718
the trimming force that balances the total gravity and disturbance;
fo_j synchronizes motion of the quadrotor to the payload; f, ;, f5 ;.
and f. ; eliminate the path error of the payload. As the filtered results
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of ft’l and IAiz, & , and 7] are the motion cross-feeding terms to correct
the control lift according to the cable inclination angles. If cables
incline to a direction such that the tension forces are reducing the path

error, R 1 and I&z will reduce the total control force, and vice versa.
The actual torque and lift that the propeller should generate is given

in Sec. [ILE. The expressions of 7; ;, and f,; are presented in the
following sections.

C. Disturbance Estimation Law

This section provides the update laws for the disturbance estimator
based on the UDE technique [6]. The estimated disturbances are

defined as Ay, Ag, and &LJ». LetB; = B;(BYB;)~' B beaseries of
auxiliary matrices. The update law of A 1)1

t A~
AjzlKJ‘B]<m]qu—fLY]—mJgI—A]>dT (16)

where v, ; is the acceleration of each quadrotor measured by the
on-board IMU expressed in F 7. It can be calculated using the attitude
of the quadrotor and the raw acceleration feedback; «; is a positive
rate constant. Here f; ; is the actual lift calculated based on the thrust
model from system identification and quadrotor attitude. The expres-
sions of AT and A & become

N
A, = /1T|:(mp +M)v, + RpATw, + > m;Bjv;
j=1

t N A ~
—A Z(fL.j + AJ_,j) +Ar+(m, +M,)g; df]§
=1
~ 1 ~
Agp = A [[ AoyRpv, + 03 J,0, — A
0
N
+ Z 5 (mj (w;RPIB/‘”j —wptio, - RPIgI)
=

- RPI(fL,_j + AJ_])) dr + ARPlvp + (Jq + Jp)mp
N
j=1

where A7 and 45 are positive rate constants defined in the subsequent
stability analysis section. The update laws are straightforward sol-
utions of Eqs. (42), (43), and (36). Intuitively, the integral terms of
the disturbance estimator accumulate the path-following error of
the payload and can be viewed as a nonlinear PID controller with
guaranteed stability.

D. Equilibrium Lift Forces
At the equilibrium, G + F + A = 0. According to Eq. (7),
BIA;; =0, so Aj; does not affected the cable rotation; fy;

(niavd,i’pig The virtual ﬁl

control law extraction map Ry T dynamics
5.4 ttituge 7Y
controller
X, TRI]' TRI]' ) Wj

Attitude

balances the estimated disturbances and weight of the payload; f 1
is the total lift of each quadrotor at the equilibrium. The equilibrium
point of r; is defined as F; ;.

faj==a (m,,g, +Ar+ RIPEjAR); Fri=-mgi+fa;—ALy
Fra=1Fa) /1 fal (18)

Here f + j 1s picked so that all cables are vertical if the disturbances are
zero, providing the best thrust efficiency.

E. Quadrotor Attitude Control Law

This section presents the target torque and lift each quadrotor
should generate as shown in Fig. 2. The total lift from the propellers
is f; = || fy,ll. A command yaw angle y is picked for each quadrotor.
The lift is assumed along the —z axis of the quadrotor, i.e., n, =
—fv,/f ;. The reference attitude trajectory of each quadrotor based
on f, ; is R;; 4, obtained in the following way:

- . . T
n, = [cosy/ siny  —(cosymn,, + sin V/nz,y)/n;z:l ;

n, =n./|ndl; ny=nIn/|nZn; Rja=[n. n, n]

(19)

y

where n_, and n_ , are the x and y components of n, respectively;
S, only provides two degrees of freedom (i.e., n;), so y is an
additional constraint to determine R;; ;. We define m, ; as the desired
angular velocity, and X ro,; = 1@;, R} as the error state of X;. Once
R} 4, @4, and @, ; are calculated based on f, ;, an almost global

asymptotically stable (AGAS) attitude tracker as suggested in
Sec. VI.C of Ref. [30] is used:

=—b @& — — %I XJo.— J(@*Rw, . — RTé , :
T,=-b,w;—b.e, ;-7 Jo;+ 0], J(w_iijd,] ijd,])

(20)

where er,j = ?:1 eTRjei’ R/ = R{j,dej’ (Dd,j = (R;deIj,d)v’
and @; = w; — Rjrwd‘j; b,, and b, are positive control gains. The
attitude tracker design in Eq. (20) is decoupled from the design of
[v,j» providing the freedom to implement a variety of robust attitude
trackers without redoing the stability analysis.

IV. Stability Analysis

This section provides the stability analysis for the closed-loop
system. First, a Lyapunov function candidate is provided with each
term representing the equilibrium of the system. Then time deriva-
tives of the Lyapunov function are derived and shown to be negative
semidefinite. Finally, the attitude tracking law is added and the
stability of the complete system is shown using the reduction
theorem.

fj - H‘fv,j

Quadrotor Xp, Xj
+ payload |—

Fig.2 The control diagram for the system.
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A. Lyapunov Function Candidate

Remark 1: 1t is crucial to clarify that the closed-loop system is
locally asymptotically stable when disturbances are bounded. An
angle 6,,,, = arccos(1/6,), where 5, > 1 is defined as the range of
the cable tip motion, i.e., [|r;]|/l < /1 - 1/52. The limit of cable
swing velocity is [|v;[|/{ < 6,, and the range of payload angular
velocity is @, || < J,. External disturbances are assumed bounded,
so @; is used to denote the range of |ry;|, ie., [[ry;ll =
[sinf@,; < [sin O, ,,.

The following intermediate variables are used in the stability
analysis:

[1]

| =4 + kkp

By =X + kpkpy
— X

r.= j:I{}f}{{N{Ht,- 1}

Cr = tan[(emax + 0(1)/2]
= 1 + C2 5

o; = |E; 0|

Ep = max {[E;l|}
G,; = fajl(cos8, — C,sinb,)/(la)) @n
dg = sup(a; E;Ag /| fa;l)

Lemma 1: The following properties are true (a proof can be found
in the Appendix of Ref. [31]):

) (Lja—L)"(Ljg—Ly/Q2l)=(-Lj,L;/D.

i) |Bjx|| < &,]lx]| and | B;x|l < &5, x|, ¥ x € R>".

iii) If C, = tan[(Onax +0,)/2], then C,|F;|| = |\/I* —r} -

IS —rid| and ||Lj,d - Lj” <vi+ C%”Fj” = Vj”fj”‘

iv) Vx e R*! #0, we define x; and x| as its components
perpendicular and parallel to L;. Then x”8,x = x7x .

V) lle,ill < llevll. e, |l < llal-

Several additional auxiliary variables are defined as counter parts

of the variables in Eq. (14). These auxiliary variables use the true
disturbances forces and are only used in the stability analysis:

R =) a;Bj(vi+p) |R,= Y a;E]RpB;(v; +p;)
FIZ—}.IFI—FICRI Fzz—ﬂ.ze-f—krsz

é‘:kvépi'f_ﬁl nzkrer+F2
é‘szrep;+Fl_vd,i ”:krer+F2

ni=k 7

{." e 22)
=k (v;=7;4)

The true equilibrium force f ;, r; 4, and the estimation error of the
cable equilibrium 7; ; are defined as

{fo,,- = —mj[¢ + d(Bju;)/dt — d(R;ptim) /di]
faj=—a;(m,g; + Dy + RipE;Ag) |
{rj.d = l(fd.j,xy/”fd.j”)

. . (23)
rj.d :rj.d—rj.d

Then the Lyapunov function candidate is denoted as V =V, +
[Zf’:l a;V, il + V3 + Vg Its subterms V,, V, ;, V3, and V, are as
follows:

1
V= 5(" +ug) M+ uy) (24)
whereu, =[ET 77 pl' ... pl]" is defined as a counterpart

of u in Eq. (3). V; can be viewed as the penalty for the position and

velocity error of the payload. The residue between the true and
estimated auxiliary variables are 17’] = ﬁ, - F, I§, = ﬁl —R,,
f‘z = ﬁ'z —F,,and R, = ﬁz — R,. We also define l:j =L;,-Lj
Fy=J)/*F,, and R, = J)/’R,. E,, E, are defined in Eq. (21).
J},/ is the square root of Jp, ie., JI/ZJ'/2 = Jp. According to
Lemma 1 (i), V, is then constructed and bounded as follows:

Vo =m,E LTF, + %mpkpl FTF, + %szpgijz
+ EziJTRIPEijFz + 1 fajll - (=L ,L;/D)/a;.
> ([ fasll - 1L 17/ (4ayl) = m, B | Lyl - | Fy ||+ m ke F3 /2
1 agll - IL 1P/ Gal) = B | B2 - L - |7

+ kg F3/2 (25)

V, j is positive definite if the following inequality holds:

1£asll/azl) > max{Em, [ke, B fhpa}  26)

where o; is defined in Eq. (21). V, denotes the penalty of on the
dlfference of the desired and current cable inclination angles. V3 is
defined as the penalty on the path-following and attitude stabilization
error:

= kyk,m, €2, + k kgtr(l R}, Rpi) @7

pEp.i
The errors of the disturbance estimation are defined as &T =
Ar—Ar, Ap=Ap—Ag, and A; =A;—A;. T, is defined in

Eq. (21). Finally, V, is constructed by using the estimation errors
as follows:

1o 1 -
V4=*CTA%‘+§CRA%

N
Z((a JCRArNT2 + crdrN) /(2K;) + ¢;a j)A§ (28)

l\) |

B. Derivative of the Lyapunov Function

Now we follow the standard procedure of using the Lyapunov
direct method and take the time derivative of each component in the
Lyapunov function.

1. Time Derivative of V,
Proposition 1: Considering the dynamic model in Eq. (2) and the

virtual control law in Eq. (15), we can obtain the time derivative of V;

satisfies the following inequality constraint:

V]S—kgs k m S —’1 (UXJ Cl) mpR{(kvép‘i_j’lFl—f_krlRl)
mp(Fl + Rl)Tsp _Rg-lp(krer _AZFZ + kr2R2)

N
_kQ(Fz+R2)Ts,+z[—1(oq>§q>j+v T fo;—kia,G, 7
=1

+ 101 (s (1A 7+ Eo 1&gl ) + 17k, 8,17 4]
+a| Azl +a;Eol Axll+ 1A .1) | 29)
where @;, @ ', and @ ; are defined as follows:

@ =v,+¢-Rpti (@, +1) + B;(v; +p));
;= &)j - @, =¢- R;pt%7 + B (30)

Proof: See Appendix A.
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2. Time Derivative of V

Proposition 2: Considering the dynamic model in Eq. (2), the
virtual control law in Eq. (15), and the definition of the auxiliary
variables in Eq. (22), we can obtain an upper bound of V; as

N
> aVy; < —mykpy A F} = dokpy F3 = Aym, RIF, — 1, RS J ,F,
j=1

N N
=D Sh B Y[ E Al e, - 11
j=1 j=1
+ Eyyimpka |75 - 1R I 4 Eym, (8,kg, 4 Ay IFSN - I1F I
+ m,Eill@, | - IF1 15 + Earyo kil 5] - 1 Rol|
+ 200;(8,k, + 7,0, + Ly )IF; | - | F-]
+ Es0;8ll@, | - |71l G1)

Proof: See Appendix B.

3. Time Derivative of V5

Vy = 2k,k,m,ehé, + 2k kowle, (32)

4. Design of the Uncertainty and Disturbance Estimator

The estimation laws in Eqs. (16) and (17) are explained in this
section. By the definition of A, ; and A ;, we know that A ; will not
affect the cable rotational motion as BJTA‘L ; = 0.If we only examine
the cable swing dynamics in X, from Eq. (2) corresponding to the
rows block of M block in Eq. (4), we have the following dynamics for
cable acceleration:

m;BY (5, = Ript5, + Bji; — Rypajtio, + Byo;)
=Bi(fL;+mg +A)=B](fL;+mpg +AL) (33)

The inertial velocity of each quadrotor v,; is v,; =v,—
R,Pt;(wp + B;v; obtained from Ref. [12]. From Egq. (7), we know

that Al.j =(1- LjL]T/lz)Aj. Then the estimation error of A, ; has
similar property:

A =Q0-L;LT/P)A, (34)

The dynamics of the estimator is set to

Aj=A;=—x;BA,; (35)

Note that based on the design procedure in [6,32] and Assumption 1,
A R 0. Hence, the differential form of the estimated disturbance A j is

Aj=-k;B;(A;—A)) =B, (m,»i)q,j —frjtmg - Aj)
(36)
Equation (16) is the integral form of Eq. (36). After obtaining A L)
we set the error dynamics of the estimators for the effective disturb-

ance force and torque on the payload as low-pass filters of the true
disturbances:

. N . N
Ar/ip = —Ar - Z Al Ag/ig = —Ag— Zt;(RPIALj
f= =
(37)

We can extract the payload translation dynamics from the first row
block of M in Eq. (4) as follows:

d N
E ((I’l’ll7 =+ Mq)v[, + RIPATCU’, + ZmJBJ'UJ)

Jj=1

N
=Ar + (m, + M,)g; + Z(fL,j +AL)) (38)

Jj=1

According to Assumption 1, the derivative of the estimation error
becomes

. N . . .
Ar/ir = -Ar - ZALJ; Ar/ir = (AT - AT)/}LT = Ar/ir
j=1

(39)
Hence, the error dynamics of A7 becomes the following:
~ ~ N ~
—Ar = A /lr + Z A (40)

Jj=1

By inserting Eq. (40) into Eq. (38), we have the following update law:

d N
I ((m,, +M)v, + RpATw, + ) m./B.iv.i)
=

N
=Ar—Ar+(m, +M,)g, + Z(fL,j +AL)
=
i x ~
=Ar+ Z +(m, +M,)g; + Z(fL.j +A,;+ AJ_,_j)
j=1
i v,
:AT"_E"_(mp+Mq)g1+2(fL.j+AJ_,j) 41)
=1

Hence, the differential form of the estimator is

A, d N )
T; = E((mp +M)v, +RpATw, + ijijj) —-Ay
=
N A
—(m, +M,)g; - Z(fLA,j + AJ_,j) (42)

Jj=1
It is trivial to verify that the integral form of Eq. (42) is equivalent to

Eq. (17). Following the same routine, we insert Eq. (37) into the
second row block of M to obtain the payload attitude dynamics:

ARP""/J + (J,, + J‘{)(bl’ + a);Jpa),,

N
j=1

N
=Az + Z ERpy(m;gr + frj+AL)) (43)

j=1

Similar to the effective disturbance force, the estimation error has the
following property:

. N
Ap/ig = —Ag — Zt;(RPIAL.j;
=1

. N
(AR - AR)/JLR =—Ap+Ap- Zt;(RPI&L.j (44)

J=1

Hence we have the following for the dynamics of &R:
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. N
Ap =Ap/ig + A+ ) RpAy; (45)

Jj=1

Substituting Eq. (45) into Eq. (43), we have following update law
for A R

ARppv, +(J, +J o, 03] 0,

N
+ ) mt (—w;ftj*wp +RpBjv;+ RP,ij/-)
i=1

. N N
=Ag/lg+Ar+ Zt;‘(RPIAJ_.j + thRPl(mjgl +frj+AL)
=1 =
P . N .
=AR//1R+AR+Zt7RP1(mjg1 +fL,j+Al,j) (46)

J=1

To avoid using the accelerations of the payload and the cable motion,
we use integration by parts to circumvent the unavailable v ,, @ ,, and
v; feedback:

/ARP,ﬁ,, dr = ARpv, —/d(ARP,)v,,
= ARPva + /A(U;Rplvp dr (47)

/RP,(ijuj) dr = RpB;v; —/d(R,,,)Bjuj

= RpBv; + /a);RP,ijj dr (48)

5. Time Derivative of V

The total time derivative of V can be obtained by summing all the
terms up. Combining Egs. (29), (31), (32), and (49), we give the result
of V with Lemma 1 (v). Define a vector u K as

~ T

we=[ub ul JEL 10 wi]"
T
up = [lewil lepll IR IF1]'s

T
w = [yl led IR 170 ]'s

- ~ ~ T
us = [ 1A 1&gl 14.,0] (50)
A symmetric matrix H ; is constructed as

Hp Hp Hp 0
He — * Hy Hy, Hgy 1)
K x  *x kG, 0

* * * Ko/aj

where x means that the matrix is symmetric and the element is the
transpose of the one on the other side of the diagonal. Sub-blocks of
H  ; are defined as follows:

ky 0 —(ky+k))/2  —k,/2

ko kS T /2 =kl 5 21+ kT D/2 = alldy 21+ 10521 1,118, + Eao;8rD) /2

-1/2
[ & ~kak, |J;"(1/2
* * ko
* * *

The final integral form of A & Without the acceleration feedback based
on Egs. (47) and (48) is in Eq. (17).

Proposition 3: Hence, according to Egs. (36), (40), (45) and
Lemma 1 (iv), the time derivative of V, can be obtained as

N

. 1 - 1 - -

Vi<=) a [EATCTA% + EARCRAi + C_inAij] <0 (49
j=1

Proof: See Appendix C.

Remark 2: V4, <0 means that 0 < V,(r) < V4(0), V> 0. If 0
is picked as the initial value for each estimator, we have
Vi(0) = (1/2)crA% + (1/2)cpAf + (1/2) Y ((a;cpAgNT2 +
crArN)/(2x;) + cja j)Af. V4(0) is determined by the magnitude of
all the disturbances. According to Assumption 1, V,4(0) is bounded.
Therefore, V¢ > 0, ||Ar| < \/2V4(t)/cT < \/2‘/4(0)/67, |AR] <
V2Va(0)/cg < /2V4(0)/cg, and AL < Al < /2V4(0)/
((achlRNzl"% + cpArN)/(2k;) + ajc;). Hence all estimation
errors are bounded for the closed-loop system by design, which
is an advantage of the UDE technique compared with adaptive
control. Hence according to (A18), ||b;|| < [Ib;|l + ||I;J|| <|Arll+
EollAgl + +/2V4(0)/cr + Eg+/2V4(0) /cg. Therefore, if all dis-
turbances are bounded such that ||b;|| < em,g (with e < 1), §; is
bounded, and finally /; ; is bounded.

0 k,k? —k,k, /2 —k,k,/2
HP — mp 14 P / P / (52)
* * k 0
~kkall T, 21/2 53)
0
Aokps
I 0
0
HrP = —_ ’
_mp}ch‘lkrl/z
—m,Ei(Ay; +,k)/2
—7//'||E/'AR||/2
0 54
HrA = —_ ( )
—}’jdzﬂjkrz/z
—5,0(8,k + 7l + 3,7;) /2
0 O O O —m/kLl(S,éR/(Za/)
000 0
Hp, = 0 000 ; Hepp= 0 5
—mpEléRl/Z 000 0
T
h(;,j/aj +1
H;;=- Eo(h(;’j/aj—i-l) /2 (55)
]/a]
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Arer /2 0 0 g““
Hy;= 0 Ager/2 0 |y Hga = 04X3 (56)
0 0 KiC; 1>3
i€ H;,
The final form of V is as follows:
N Hy. H
. K,j KA
V<-) aul ug (57)
; ! K|:H2A HA.ji|

Remark 3: From Eq. (52), if k,; and A, kp, are significantly larger
than k, and k,, matrix Hp is positive definite because its diagonal
blocks are positive definite and the off-diagonal blocks only contain
k, and k. Following the similar routine, we can pick k,,, A2kp», k.,
and kg such that H, is positive definite. Since G, ; and K, only
appear in the diagonal of H ;, H x ; can be positive definite if 65 in
Hp, and H 4 are small enough. From Eq. (37), since A, ; is bounded,

we can pick ¢7, cg, and ¢; high enough so that Vis negative definite if
Hy ; is positive definite. Since ¢, cg, and c; are only used in the
stability analysis, and h; ; is bounded, we do not need to calculate
their actual values. From Eq. (57), we can see that all path-following
errors are zero when V = 0. It is essential to emphasize that the
closed-loop system is autonomous since time is not explicitly
expressed in the control law by the problem formulation. According
to the LaSalle’s theorem, we can conclude that the path-following
control based on the virtual control force is AS.

C. Stability of the Complete System

Letp; = —Rye3| f, ;1| — fo,; denote the error between the desired
and the actual lift. According to [33], the attitude tracker is exponen-
tially stable, so there exists a subset of its domain of attraction
denoted as D, such that p; — 0 as t — co and [|p;(?)|| < [lp;(0)].
Then based on the bound in Remark 1, a sublevel set D, associated
with V(X) becomes

D= {X|||w,,|| <8y lIrl/1 < 1 - 1782

Il /1 < 60.elfu; <0, [B)] < empg}

— *. R — H
D, ={X|V(X) < c*}; = }IEI})III)V (58)

I£ 19, (0)]] < €| ®;(X(0)]|. X(0) € D, where (K, — miny z,Ko)/
2>¢4 >0, then V <0, meaning that all trajectories of the
closed-loop system starting in D, stay in D,. Therefore, an esti-
mated domain of attraction is D ={X|X,€D,, X, €D,, V(0)+

?’:1 [®@;0)[| - lp;(0)|| £0}. According to the reduction theorem in
Theorems 6 and 10 of Ref. [33], if the inner loop is AGAS and the
outer loop is AS, it is trivial to show that the complete system is AS.
A detailed explanation is provided in Sec. IV.C.3 of Ref. [31]. The
conclusion is summarized in the following theorem:

Theorem 1 (stability of ¥ under the proposed control law): Given
system X and a path P, if the following conditions are met then the
complete system X is asymptotically stable under the virtual control
in Eq. (15):

1) Configuration requirements in Eq. (11) are met.

2) The initial condition of the system is within an estimated domain
of attraction of D.

3) Parameters are picked such that Hy ; defined in Eq. (37) is
positive definite.

4) The inequality in Eq. (26) holds such that the Lyapunov function
is positive definite.

5) An AGAS attitude tracker is used such as the one in Eq. (20).

Remark 4: It is crucial to point out that Theorem 1 is only a
sufficient condition to achieve asymptotic stability. The estimated
domain of attraction and parameters satisfying Eq. (57) may be

conservative in terms of performance. Therefore, the baseline gains
from Eq. (§7) such as k, and k, could be increased to get better
performance. The increased gains may violate parameter constraints,
so the stability of the system with increased gains needs to be tested
by additional simulation and experiments.

V. Simulations

A slung-load transportation simulation is presented to show the
performance of the controller when traveling on a large-scale path
with a variety of strong external disturbances, as a complementary to
the flight test results in the next section. The slung load is carried by
three drones with their parameters shown in Table 1. The controller
parameters are listed in Table 2. The parameters in Tables 1 and 2
satisfy the conditions in Theorem 1. A path consisting four segments
was used in simulation with parameter listed in Table 3. The reference
position and velocity on the arc segment are defined as n, =
(x, —x.)/llx, — x|, where n, = —njes/|nyes||. The reference
position and velocity are p. = x, —Rn,—x, and v. = n.w,,
respectively. Here x. = [85 23 —10]” m is the center of the arc;

Table1 System parameters

Parameter Description Value

m; Quadrotor mass 1.63 kg

mp Payload mass 1.30 kg

J; Quadrotor moment of inertia  diag ((0.1 0.1 0.3]) kg-m?
J, Payload moment of inertia  diag ([5 5 5]) x 10~ kg - m?
t Ist tether point [1.085 0 0]" m

t, 2nd tether point [-0.5425 -0.9396 0]" m
t3 3rd tether point [-0.5425 0.9396 0]" m
L Cable length 0.98 m

Table 2 Control parameters

Parameter Value
K, 6.0
kp 0.15
k, 0.24
kp 0.10
b, 0.5
k1 0.2
ko 0.10
k, 0.055
ko 0.2
b, 2.0
A 04
Ay 04
Ar 0.1
Ar 0.2
Kj 1.0
aip, a,, as 0.3333
K (experiment) diag ([6.0 6.0 9.0])

k,(experiment) diag ([0.055 0.055 0.15])

k,(experiment) diag ([0.24 024 0.7))

Table3 Trajectory parameters

Waypoint location, m Direction Velocity, m/s
P, =[0 3 -10]" n,=[1 0 0] w; =3
P,=[105 23 -10]" n,=[0 1 0] wy =3

P;=[105 83 —10]" ny=[-098 -020 -0.10]" w;=3
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Table4 External disturbances

Disturbances on the payload

Disturbance forces on each drone

A, =[02 -0.1 03]"m

A, =[-03 025 02]'N-m

A, =02sin(0.41)-[1.0 1.0 10T N
A,,=0.1sin(02)-[1 1 17 N-m
A;=[0 5 O]'N

A, =[01 02 03N
A, =[-0.1 =01 025" N
A;=[-03 03 -0.I5'N

A, =02sin(049)-[1 1 1N

A, =02sin(04¢+2x/3)-[1 1 1'N

— A, =02sin(04¢ +4x/3)-[1 1 1]'N

w, = 3 m/s is the reference speed on the circle; R = 20 m is the
radius of the arc. When the payload is traveling on the arc segment
path, p; is replaced by p,., and v ; is replaced by v, to obtain e, ; and
e, ;. The initial Euler angles of the payload are § = y = 0 deg and
¢ = 10 deg. The initial position and velocity of the payload are
x,0=1[55-3" m, v,p=0m/s, and w,, = 0 rad/s, respec-
tively. The payload target attitude is ¢p =0 deg and 8 = 0 deg
for all segments. The yaw angle commands before and after P; are
v =0 deg and yw = 90 deg, respectively. The disturbances are
shown in Table 4. The disturbances with subscript s are additional
time-varying parts that are only activated from t = 38 sto t = 48 s.
A; is the impulse activated from r = 68 s to t = 73 s to simulate
strong wind gust. Band-limited white noises were added in the
system to simulate random air turbulence. The power and the sample
time of the band-limited white noises are 0.000001 (m/s?)?/Hz and
0.01 s, which result in a 3 — 6 boundary of roughly 0.3 N. The total
disturbances are the sum of the constant part, the time-varying part,
the impulse force part, and the white-noise part.

The path-following results are shown in Fig. 3, where the payload
is stabilized onto the given path under external disturbances. The SD
ON/OFF and GD ON/OFF marks in Fig. 3 indicate the trajectory
segment when the sinusoidal disturbances and impulse disturbances
are activated and deactivated, respectively. Snapshots of the payload
attitude are given in Fig. 4a. As indicated in Fig. 4b, the path error
approaches zero when all external disturbances are nearly constant
and the reference trajectories are straight lines. When the payload is
traveling on the arc segment path or the sinusoidal disturbances are
activated, the controller can stabilize the payload close to the given
path. To test the capability of the controller under abrupt path segment
switching, the turning angle between the segment before and after P
is greater than 90 deg. The reference attitude is also changed after P5.
The spikes at around t = 55 sin Fig. 4b are the initial error caused by

the segment switching. It can be seen from Figs. 4b and 3 that after the
initial jump of the path errors, the controller can still stabilize the
payload smoothly to the new path segment.

Figures 5a and 5b show the estimated disturbances and errors. In
the presence of the random noise turbulence, the estimation errors
converge close to zero. Since the disturbance estimators are low-pass
filters, the nonzero estimation errors are caused by the time-varying
and random noise on the system. When the impulse force is activated,
the estimator is able to compensate for part of the additional disturb-
ance as shown in Figs. 3 and 5a, resulting in a jump in the estimation
error. However, the path and disturbance estimation error eventually
converge close to zero when the impulse force is turned off.

Figure 6a shows the cable tip motion of the path-following task.
The cable motion decays when the payload is on the desired path.
Figure 6b provides the lift and the magnitude of the torque generated
by each quadrotor. Note that the spikes in the magnitude of the torque
are caused by path segment switching and numerical differentiation
used in obtaining @, ; and @, ;. To sum up, we conclude that the
proposed control law is capable of stabilizing the payload on a given
reference path under the external disturbances.

VI. Flight Demonstration

Flight demonstrations were performed in the Flight Systems and
Control (FSC) OptiTrack Lab shown in Fig. 7b. S500 quadrotors
were used as shown in Fig. 7a. The system parameters are listed in
Tables 1 and 2. Note that the z component of k,, k,, and K are set to
0.7, 0.15, and 9.0, respectively, to reduce the initial height deviation
and yaw drifting in the takeoff phase for safety reasons. The pose
of the quadrotor and the payload were measured by 14 OptiTrack
Flex 13 cameras. The velocity and angular velocity were sent to the
Nvidia Jetson Nano computer on each drone via 5G Hz Wi-Fi net-
work at a frequency of 50 Hz. The computer combined the feedback

— Reference Trajectory

— Simulation Trajectory === Sinusoidal Disturbance (SD)
Gust Disturbance (GD)

P\

payload @ ¢ =11.8(s)

payload @ t =69.2(s) >
20

- GD OFF
N

payload @ t =31.7(s)

payload @ ¢ =43.5(s)

GD ON 20

120

Fig.3 The trajectory tracking result. SD ON/OFF and GD ON/OFF indicate the trajectory segment when sinusoidal and gust disturbance are activated,

respectively.
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The Path Following Error
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a) The snapshots of the payload attitude
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error e, and the angular velocity w, are on the left side of the plot.)

Fig. 4 Snapshots of the payload attitude at four time stamps and the path-following error.

The Estimated Disturbance Force
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a) The estimated effective disturbances on the payload

The Estimated Disturbance on Quadrotor 1
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b) The estimated effective disturbances on each quadrotor

Fig. 5 Quadrotor relative motion and command lift.

information from Optitrack and IMU to calculate f', ;. A Pixhawk 4
flight control unit (FCU) was used to receive the attitude setpoint
command via Mavros from the onboard computer to control the
speed of each motor in OFFBOARD mode. Robotic operating system
(ROS) was used for programming the control and communication
algorithms. Native PX4 firmware was used in FCU. Three drones
were used in the flight test. Because of limited laboratory space and
safety requirements, only position and attitude stabilization tests have
been performed. Therefore, the path error is redefined for experi-
mentsase, ; = x, — x,. Werecorded experimental results from three
test scenarios. Scenario A and B are position and attitude stabiliza-
tion with a platform shaped payload. Scenario C is a parameter
uncertainty test,! where a 200 g object is put on the payload platform

*https://www.youtube.com/watch?v=79-OICR-dallist=PLGJ05aPUK XH-
Y6WUYEvXKBSRTSAAZzUQf- index=6.

Shttps://www.youtube.com/watch?v=ezC7Rm9Apellist=PLGJ05aPUKXH-
Y6WUYEVXKBSRTSAAZUOf- index=7.

Thttps://www.youtube.com/watch?v=L ptDhJcvnUsglist=PL.GJ05aPUKXH-
Y6WUYEvXKBSRTS5AAZUQf- index=8.

as an exogenous uncertainty. In Figs. 6, 8, and 10, the states with the
subscript ¢ represent the command value sent to the controller.

A. Cooperative Transport Test: Position Stabilization

The position stabilization result is shown in Fig. 6. The x position
response of the payload is shown in Fig. 8b. It can be seen that the
motion of the payload in x direction follows the command position
from —0.3 to 0.6 m while maintaining the attitude angles close to
zero. The motion in y and z directions stays close to the equilibrium.
The oscillation in the attitude channel is caused by the air turbulence
and payload structural flexibility. Figure 9a presents the estimated

effective disturbances on the payload. The z component of AT
decreases with time because the thrust available drops when the
battery voltage drops due to energy draining. The estimated torque
on the payload varies from —0.7 N - mto 0.4 N - m. This is due to the
push of the downwash streams from the propellers. Each drone is
slightly different in terms of battery consumption, so the thrust loss
due to battery voltage drop is asynchronous, resulting in a net
disturbance moment on the payload. Figure 9b shows the estimated
disturbance on each quadrotor and the cable tip movement. Note that


https://www.youtube.com/watch?v=Z9-OlCR-daI list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=6
https://www.youtube.com/watch?v=Z9-OlCR-daI list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=6
https://www.youtube.com/watch?v=Z9-OlCR-daI list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=6
https://www.youtube.com/watch?v=Z9-OlCR-daI list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=6
https://www.youtube.com/watch?v=ezC7Rm9ApeI list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=7
https://www.youtube.com/watch?v=ezC7Rm9ApeI list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=7
https://www.youtube.com/watch?v=ezC7Rm9ApeI list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=7
https://www.youtube.com/watch?v=ezC7Rm9ApeI list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=7
https://www.youtube.com/watch?v=LptDhJcvnUg list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=8
https://www.youtube.com/watch?v=LptDhJcvnUg list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=8
https://www.youtube.com/watch?v=LptDhJcvnUg list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=8
https://www.youtube.com/watch?v=LptDhJcvnUg list=PLGJ05aPUKXH-Y6WUyEvXKBSRT5AAzUQf- index=8

Downloaded by Hugh Liu on April 7, 2022 | http://arc.aiaa.org | DOI: 10.2514/1.G006173

QIAN AND LIU 445
Quadrotor Relative Position Error Quadrotor 1 20 Quadrotor 2 20 Quadrotor 3
. 0.6 T T T T T z - z
- 43" 5 -J;
5 |5 o T o Bl 20 v
w 8 g 8
c 5 20 B 20 g -20
‘g N s s f g fL 3,z
b g fLyl,z g L2z g 395
o & -0 friy| & -0 froy|& 40 frsy
X o [ L fmeme= fr o L f=====fL3:
0 20 40 60 80 100 120 140 0 o 0 ou TUT 0 50 T00
time, s time, s time, s time, s
The Magnitude of Quadrotor Relative Velocity g s Quadrotor 1 a5 Quadrotor 2 a5 Quadrotor 3
1 T T T I T T T m| =z Z Z
o === ||’U] H g 4 g 4 q:); 4
I [[v2]| g I g
2 . 4 B8 |7 [[vs]] S 3 o S8
3 5 2 52 52
[ =) = +
” L 2
< < <
: ’ & ok Go &o
100 120 140 0 50 100 o 50 100 0 50 100
time, s time, s time, s
a) The position and velocity of quadrotors relative to the payload b) The lift and the magnitude of the torque by propellers

Fig. 6 The position command experiment.
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Fig.7 The position command experiment: the estimated disturbances and the cable tip motion.
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Fig. 8 The attitude command experiment.
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Fig. 9 The attitude command experiment: estimated disturbances and the cable tip motion.
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Fig. 10 The disturbance rejection experiment.

the estimated disturbances on each drone are not zero. The rotor arms
will deform due to structure flexibility. However, the bending angles
of arms are not the same, creating an offset in the lift direction. The
tilted lift in the body-fixed frame is the primary source of the
disturbances on each drone. The cable tip deviations are under
0.1 m for most of the time.

B. Cooperative Transport Test: Attitude Stabilization

The attitude control result is shown in Fig. 8. The slung load
revolved around the yaw axis according to a command angle that
varied from —20 to 20 deg without steady-state errors. The position
deviation from the equilibrium in x and y directions are roughly
0.3 m. There are also high-frequency oscillations in the yaw response.
These vibrations are caused by the payload and cable flexibility.
From Fig. 10a, there are bars protruding out from the platform that
may contribute to the vibration of the slung load. However, the
proposed controller can withstand these unmodeled dynamics with
decent performance thanks to the disturbance estimator design.

Figures 11a and 11b show the estimated disturbances and the cable
tip movement of cables. The estimated disturbances resemble similar
trend as in case A. The decreasing force in the z direction is a result
of battery voltage drop during the flight. Similar to case A, the z

component of the Ay decreases due to battery consumption. The
cable tip deviations are under 0.15 m for most of the time. The results
show that the proposed controller is able to manipulate the payload to
a given command attitude in the presence of unmodeled dynamics.

C. Cooperative Transport Test: Parameter Uncertainty

The parameter uncertainty tasks are shown in Fig. 10. The sub-
figures labeled I and II denote the position and attitude command
results with an additional object on the platform, respectively. The
position command is in the x direction from —0.3 to 0.6 m. The
attitude command is in the yaw channel from —20 to 20 deg. From
Fig. Alb, the position and the attitude of the payload converge to
the command values without steady-state errors, verifying the robust-
ness of the controller. Figure A2a shows the estimated effective
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Fig. 11 The disturbance rejection experiment: estimated disturbances.

disturbances of the slung load. Similar to the previous cases, the z

component of the Ay decreases due to battery consumption, and the
high-frequency noises are from air turbulence and structural flexi-
bility. Figure A2b presents the estimated disturbances on each quad-
rotor for the two cases. The nonzero estimations are mainly caused by
drone structural deformation. To sum up, the experiment tests show
the robustness of the controller under disturbances, and the proposed
control law can be used as a potential candidate for cooperative slung-
load delivery.

VII. Conclusions

A novel path-following LP controller for multiple quadrotors
carrying a slung payload has been described in this paper. The slung
load and the carrier vehicles are modeled and controlled as a complete
nonlinear multibody system. The PFP problem is then formulated as
the payload traveling on the desired path with a desired attitude. A
robust path-following controller has been designed based on the idea
of UDE. The main novelty of this paper is the design of the virtual
controller for the outer loop. With the help of the disturbance esti-
mator, the payload can travel on the given path even in the presence of
external disturbances. The attitude controller for each quadrotor is the
inner loop. The choice of the attitude controller is independent of the
virtual controller, so different robust controllers can be implemented
on drones. Stability analysis has been conducted to show that the
combination of the virtual controller and the attitude tracker provides
an AS system.

A path-following simulation demonstrating the capability of the
proposed controller is presented. Even under various time-varying
disturbances, the closed-loop system managed to stay around the
reference trajectory, which verifies the capability of the proposed
controller. If the external disturbances are constants, such as inaccu-
rate mass measurements, the steady-state error reaches zero as time
goes to infinity.

Flight tests demonstrate the performance of the proposed
approach. Three scenarios were presented: the position command

Zﬁy—l(ij +A;taAr+a;RpEAg + a;m,g; +m;g;)

test, the attitude command test, and the disturbance rejection test. The
payload reached the desired position and attitude even with an
unknown object on the platform. Stable hovering is achieved and
the overall performance is verified.

Appendix A: Proof of Proposition 1
By using the passivity of the system, i.e., M —2C is skew sym-
metric, the time derivative of V is
Vi=(u+uy)" (M@ +ig) + Cu+uy))
=@w+u)"(F+G+A+ Muy, + Cuy) (Al)
(m +Mq)gl+AT+Z l(ij+AJ_j)
Ag + Z, (ERpp(AL;+migr + fr))

F+G+A= Bl (mg;+ Ay + f11)

Bl (myg + Ay + frn)
(A2)

Note that according to the configuration property in Eq. (12), the
following terms are zero:

ZNZIajRIPE‘AR:R”J(ZNzla'Ej)ARZO
, 1 Rp(ajAr+a;m,gr) = (Zj‘vzlajt;'()RPI(AT_{'mpgl):(]
(A3)

Based on Egs. (A3) and (8), F + G + A can be rearranged to show
the effective disturbances explicitly:

F+G+A=

ZI Lt Rp,(fL] +A,;+aAr+a;RpEAg 4 a;m,g; +m;g;)
Bl (fri+AL+mgp)

By(fin + ALy + myg)

(A4)
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Mu, + Cu, terms are expanded as

Mﬂd =+ Cud

m,E"
Jon+nJ,o,
0 +

0

Zﬁ-\;l m '(—Rlpa)x
Z, B Rpymy(— RIwatxﬂ'i‘B,ﬂj)
tin+ Bip)

Bl my (—RIPCU;

BﬁmN(—RIPw;tfzﬂ + BN”N)

Z?’=1 m;(Bf; +é‘— R;pt7i))
L mt Ry (B + ¢ R;pt51)
Bl m, (B i, + & — Ryptli)

Blmy(Byjiy +& - R ptim)

(A5)

Then Mu, + Cu, is expressed using the definition of f, ; in Eq. (23)
as

mp& - Z;y:l f(),j
Jon+nJ,0 =2 Rpfo
Ml:td =+ Cud = 0 —+ _B{f(),l
i 0 1 L -Bifow

(A6)

The residues for the auxiliary terms caused by the estimation errors
are

é=¢-¢=Fh § = 1 F) + kR
n=n-n=F, ; ?“;F""k‘Rl (A7)
~ A ~ = — +
A=p—p=—kFj, g 22T
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<i>j forms the f,; term in the virtual control force in Eq. (15),
ie., f,; = —Ko®@;. Based on the residue definition in Eq. (A7),
the error between fO, j and f; caused by the estimation error is
defined as foyj = fo‘j = foy:

fo,j =-

= Rpt} (‘/1217‘2 + erIiZ)]

lel:kLBjr,d _111‘:1 + kr]I’él - BjkLi:]d — RIPw;t;'(ﬁz
(A8)

Combining the results from Eqs. (A1), (A4), (A6), and (A7), we have
the following for Vi

v, +¢ 77 . _
T J ':lpr
n-rn @
. v+ r
V|, = 0 +
vy +Huy :

Z] 1% RPI[ KO
+ 1 [_K()q)l - al(mpg + kpm

Z; 1 JRPI( AJ_/

where h; denotes the effect of KOCI) —a;m pé‘ a;RipE; Jpﬁ -
A“ —a; AT —a;RpE; AR + foj caused by the disturbance esti-
mation errors AT and AR It is expanded as follows:

hj = mjkLij’d + KOkLijj.d + (m,xll - K() + ajmpxll)ﬁ'l

- (mj =+ ajm],)krlél + R]p(m thX

X X
JYptj mj’Ith +K0tj

+aj/12Eij)ﬁ2 —|—R1P(mjtj ajEjJP)kr2R2 (AlO)

Now we analyze the detailed structure of & ;. Based on Eq. (14), F,
and F, can be viewed as passing R; and R, through first-order
systems, so F| and F, can be expressed in the frequency domain as

Fi(s) =kaRi/(s+11); Fy(s) = koRy/(s+ 1)  (All)

If the initial condition of F,, F,, F,, and F, are set to 0 for
51mp11ﬁcat10n according to Lemma 1 (ii), the bounds of F 1s Fz,
Rl, and R2 can be related to 7, 4 as

Y

ZN:1[—K0(I" - aj(mp{;‘ + k,m,s,) —
aj(mpé.‘—l— k,m
,,s[,) -

BY[-K,®y — aN(mpé.‘ + kymps,) —ayRipEx(J 0 + kos,)]

Zﬁyﬂ (_&J.j - aj&T - alePEj&R + fo,j)
ajAT - ajRIPEj&R + iO,j)
+ BIT(—al(m,,g, +Ar + RipE(Ag) - GIAT - alRIPEIAR - Ai.l + f(),l)

L B](/(_aN(mng +Ar + RipEyAg) — aN&T - aNRIPEN&R - &J_,N + jO,N) ]

BY[-K @y — aNmpE - aNRIPENJp’:ﬂ

psp) - a]RIPE](Jpan + str)]

IF, | <

R
<SR

N
IR <8,k )" allF;all;

J=1

N
IRl <8,k Y ;| ET| - Fall (AL2)

=

- ko =~
IF, | sfnm

‘We define vector bj = AT =+ RIPEjAR’ l;j = AT —+ RIPEjAR’ and
vector b; = b; — b;. Then we have the following inequality:

N A[=Ko®; —ajm,& —a;RipE,J i
thPl[_KO(i)/ - a.impé: - ajRIPEij;ﬂ

BI[-K,®, - almpé - alRIPEIinﬂ

a;RipE;(J i1 + kas,)]

aiRipE (J 11 + kos,)]

(A9)
b . b .
ria/l= P L 3
lm,gr +b;l llmyg: +bjl
- lm g,+l?«||)] A
=[b;,,,+b;,[1-—L— +b;|| (A13
[j-> /,y( ||mpgl+bj” /”mpgl ,|| ( )

Hence the magnitude of 7; ; /[ satisfies the following:

||I;j|| Nmygr + bl + 1Byl - 1,8, +l;j —mpg;—b;|
g + b, - Im,g; + bl
1,1 impgs 4 Bl + 1181 165
lm,g; +b;ll - lm,,g; + bl
lm, g +b,1+ 15 -
= — 15,1l
lm,g;+ bl -lm,g;+ bl
lm, g+ b, + 15|
" llmygr + bl - llm g+ b,

I7qll/1<

(1A2ll+1Eael)  (AL4)

To sum up, 7; ; can be related to the disturbance estimation errors as
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I7;.41/1 < B;(IAL] + I1E;] - I1Ag]D:
m,g; + byl + 115, (A15)
lm,g; + b;ll - lm,g; + bl

i =

As a result, the bound of ﬁl and Iéz based on the disturbance
estimation errors are

N
IR < 6.k Y st (1A71 -+ NES] - 1Al )

j=1
N N N ~
< (5rkL Z a_jlﬁj) lAz]l + (5rkL Z ajlﬂj)EOHAR”
j=1 j=1
(A16)
~ N ~ ~
IRoll < 6.k Y 18,65 1B (A7) + 1] - 1Ak
j=1
N ~
< (m Zzﬁja,-nEju)uArn
Jj=1
N ~
+ (fm Zzﬁjaanjn)EonARn (A7)

j=1

where E is defined in Eq. (21). Hence, by expanding Eq. (A10), the
relationship among h;, A7, and Ay is summarized as follows:

IB;1l < hs | A7l + Eohs | Agl;
hsj = lkp6,(k, (€1 + €2)a; + ko(e3 + ex)ay + (Ko + m;6,6,))

Za,ﬂ], @ = Za,ﬂ IET|:

€] :|mjl]—K0+a]mp/1||/j,l, 62:mj+ajmp;

es = (Ilmjhat = Kot = a;io By |+ mylit16,,) /0

€4 =[m;tf —a;E; 1, | (A18)
hs,; is bounded as explained in Remark 2 by using the result of V.
This property is later used in Remark 3 to conclude the stability of the

entire system. Note that f; ; /|| f4 ;I = L;4/!. According to Lemma
1 (iii), we have the following inequality:

W B fai/llfajll =w]BiL;a/l

— (0 =71 P =01 )

[ lz—rj

< ky(—cos8,; + C,sin Gd)r"?

- 22
I r;

(A19)

The above inequality is feasible when ||r; ;|| // is within a certain
bound; i.e., the effective disturbances are bounded and small com-
pared with the weight of the payload. Some of the error terms in
Eq. (A9) become

- aT
v,+§ —kpmp,s,
®,+1n 7 J o, —kgs,
vy +py B1T[_al(mp§+kpmpsp)—alRIPEl(Jp"T‘l'kQSr)]

_DN +ﬂN B}E[_aN(mpé“"_kpmpsp)_aNRIPEN(Jpﬁ+str)]

=—k,m,s3—k,m,Fls,—n" 0%J,0—kos?—koF}ls,

P
—m,RT kve',,,_—ﬂlFl+k,1R1)—m,,k,,RlTsp

~R1J, (k,é,—/lez +k,2R2) —koRls, (A20)

Finally, according to G, ; and f, ; defined in Egs. (21) and (23), we
combine Egs. (A9), (A18), (A19), and (A20) to obtain V,.

Appendix B: Proof of Proposition 2
Now we proceed to calculate the time derivative of V ;. We firstly
provide several derivative properties for L; ;. Since the lengthof L; ,
is fixed as /, we have the following relationship:

. T dr?
2LJdLjd (L d jd) E = O,
fg_ji‘j,d = ||fd,j||Lj_dLj.d/l =0 BD
Since f 4 = —a;R;pw E;Ag, we have the following inequality
property:
1f ol < ajllo, - |1 E;Ax] (B2)

Since fg,jfdj = ||fd1j||2, we have the following:

fhifa;
Ifal

d
= fail) = (B3)

The cable vector L ; ; varies with time before the system settles, so
its time derivative is

_ 4 Sy _ Jialfal = Frafjafia/Mfaj)
Lja dt || fal ||far,j||2

= ~1(1= fraf L/ fa)P)a;Ripa S E AR/ fafl  (BA)

The above equation means that the norm of l',_,-‘d and F; ; are bounded
by the angular velocity of the payload:

IZ;all < Uwplide:  1F;all < ILjall < o, |15, (BS)

where Op defined in Eq. (21). The time derivative of
Ifasll( = LT ,L;/D/a;is as follows:

(||fd,||<l JLi/D) = FojLyg =Ly + fh (L g~ L)
~Nfa LT B/ 1+ Fij(Lja— L))
%(m,,alifFl) = —m, B[ (B)0; + 1)) = (By))”
—L! d]Fl —Em,LF,

+Elmpk,leRl (B6)
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(EJZ,TR,PE jJPFz)

SRS

= (7 T
= :'2[(Lj,d - B;(v; +pu;) + Bjﬂj) R,pE;J,F,

+ Lj Rpw3E,J , Fy + koL RipE,J Ry - ﬂzi./TRIPEijFZ]

(B7)
The derivatives of the quadratic terms are
1d
Zdt(m kpiFIF) = —m A kp F + mykp k, F] Ry
Sdr (szFngFz) = —kp M F} + kpokn FIR, (B3)

According to Lemma 1 (i) and (ii), we have the time derivative of V ;
by summing up all the subterms above as

LiVy; = _”fd,j”L{dijj/(laj) + 71 E;Ag]l - l@, |l - [I7]]
+Eim, [—(Bj(”_j +u)' Fi+ (Bju)"F,
+ I:JT(—ilFl + k. Ry) + LjT.dFl] - mpilkFlF%
sk FTRy + Ea[~(By(0; + ) Rip B0, F
+ (Bjn) " RipE;J ,F> + LT RipE;J ) F,
+ LYR,p@3E;J,Fy+ LI R pE;(koJ ,R, — AQJI,FZ)]
— kg FE 4 kpokn FIR, (B9)

According to Lemma 1 (i) and (ii), the following inequalities are true:

(Biju))"Fy < k8, |IF;| - |Fyl:
(Bju))"RipE;J,Fy < ki8,0)|IF;| - | F> || (B10)

Based on the definitions of Z; and =, in Eq. (21), we have the
following identity:

N
m,E, Z a; [—(B_j(”_/ +ﬂ_;))T]F1 + myk, ke F{ R,
Jj=1
= —mplllR{Fl,
N
5 Z aj[_(Bj(vj +ﬂj))TR1PEj]JpF2 + kpakn FIRy
=

= —/12ng2 (Bll)

Combining Egs. (B9), (B10), and (B11), we can obtain the conclu-
sion of Proposition 2.

Appendix C: Proof of Proposition 3

V4 = CT&;&T —+ CR&£&R

N
+ ) [(@eniaNPT2 +crinN)/2x)) +cja; |ATA,
=

N N
=—ArcrAL (AT+ZA n j) —AgcrAk (AR +Y ERpA L,,-)

j=1 i=1

Mz

[(a CR)»RN2F2+CT].TN)/2+C jaK ,]A B; A
1

.
Il

N
R B .
_ZLIJ [EATCTA%"—’_EJ’RCRA% +CjK]Ai'/i|
j=1

Arc crArN
- Y[ rr & -cralrl 181+ T

j=1 2
N /IRCRaJ / RlRF N -
ZZ AR a;Agcgle ”AR” ||Al:||+#Al:
j=1i=1
A R R .
> a [EATCTA%JFEARCRA,% +c,Kin,] <0 (eh))
j=1
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